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1. Ëèíåéíûå ïðîñòðàíñòâà,

ðàçìåðíîñòü, áàçèñ

Â ýòîì ïàðàãðàôå ðàññìàòðèâàþòñÿ ïîäìíîæåñòâà ñëå-
äóþùèõ äåéñòâèòåëüíûõ ëèíåéíûõ ïðîñòðàíñòâ:

• àðèôìåòè÷åñêîå (êîîðäèíàòíîå) n-ìåðíîå ïðîñòðàíñò-
âî Rn ýëåìåíòîâ x = {x1;x2; . . . ;xn} ñ âåùåñòâåííûìè
êîìïîíåíòàìè; îïåðàöèè ñëîæåíèÿ ýëåìåíòîâ è óìíî-
æåíèÿ ýëåìåíòà íà ÷èñëî îñóùåñòâëÿþòñÿ ïîêîìïî-
íåíòíî;

• ïðîñòðàíñòâî L m×n âåùåñòâåííûõ ìàòðèö ðàçìåðà
m × n ñ îáû÷íûìè îïåðàöèÿìè ñëîæåíèÿ è óìíîæå-
íèÿ ìàòðèö íà ÷èñëî;

• ïðîñòðàíñòâî Pn ìíîãî÷ëåíîâ ñ âåùåñòâåííûìè êîýô-
ôèöèåíòàìè îò îäíîé ïåðåìåííîé (ñòåïåíü ìíîãî÷ëåíà
íå ïðåâîñõîäèò n) ñ îáû÷íûìè îïåðàöèÿìè ñëîæåíèÿ
è óìíîæåíèÿ ìíîãî÷ëåíîâ íà ÷èñëî;

• ïðîñòðàíñòâî C[a, b] âåùåñòâåííûõ è íåïðåðûâíûõ íà
îòðåçêå [a, b] ôóíêöèé ñ îáû÷íûìè îïåðàöèÿìè ñëîæå-
íèÿ è óìíîæåíèÿ ôóíêöèé íà ÷èñëî.

Â çàäà÷àõ ýòîãî ïàðàãðàôà òðåáóåòñÿ âûÿñíèòü, ÿâëÿ-
þòñÿ ëè ëèíåéíûìè ïðîñòðàíñòâàìè äàííûå ìíîæåñòâà. Â
ñëó÷àå ïîëîæèòåëüíîãî îòâåòà íàéòè ðàçìåðíîñòü ýòèõ ïðî-
ñòðàíñòâ, à òàêæå (åñëè ðàçìåðíîñòü êîíå÷íà) óêàçàòü êà-
êîé-ëèáî áàçèñ.

1. Ìíîæåñòâî âñåõ ýëåìåíòîâ R7 âèäà {x1;x2; . . . ;x7},
ó êîòîðûõ x1 = x2.
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2. Ìíîæåñòâî âñåõ ýëåìåíòîâ R7 âèäà {x1;x2; . . . ;x7},
ó êîòîðûõ x1 = x7.

3. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x1 + x6 = 0.

4. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x1 + x3 + x5 = 0.

5. Ìíîæåñòâî âñåõ ýëåìåíòîâ R8 âèäà {x1;x2; . . . ;x8},
ó êîòîðûõ x1 + x7 + x8 = 1.

6. Ìíîæåñòâî âñåõ ýëåìåíòîâ R8 âèäà {x1;x2; . . . ;x8},
ó êîòîðûõ x1 = x2 = · · · = x8.

7. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x1 + 2x2 + 3x3 + 4x4 + 5x5 + 6x6 = 0.

8. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x2 = x4 = x6.

9. Ìíîæåñòâî âñåõ ýëåìåíòîâ R8 âèäà {x1;x2; . . . ;x8},
ó êîòîðûõ x1 = x3 = x5 = x7 = 1.

10. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x1 + 2x2 + 4x3 + 8x4 + 16x5 + 32x6 = 0.

11. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ 6x1 + 5x2 + 4x3 + 3x4 + 2x5 + x6 = 0.

12. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x1 = x6, x2 = x5.

13. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x1 = x2 = x3, x4 = x5 = x6.
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14. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x3 = 1, x6 = 0.

15. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x1 + 6x6 = 0.

16. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x2 = x6, x1 = 0.

17. Ìíîæåñòâî âñåõ ýëåìåíòîâ R8 âèäà {x1;x2; . . . ;x8},
ó êîòîðûõ x1 6 0, x8 > 0.

18. Ìíîæåñòâî âñåõ ýëåìåíòîâ R7 âèäà {x1;x2; . . . ;x7},
ó êîòîðûõ x7 � öåëîå ÷èñëî.

19. Ìíîæåñòâî âñåõ ýëåìåíòîâ R7 âèäà {x1;x2; . . . ;x7},
ó êîòîðûõ x1 = x4 = x7 = 0.

20. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x1 6 x6.

21. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x1 = x2, x3 = x4, x5 = x6.

22. Ìíîæåñòâî âñåõ ýëåìåíòîâ R8 âèäà {x1;x2; . . . ;x8},
ó êîòîðûõ x21 = x8.

23. Ìíîæåñòâî âñåõ ýëåìåíòîâ R7 âèäà {x1;x2; . . . ;x7},
ó êîòîðûõ x1 = x3 = x5 = x7.

24. Ìíîæåñòâî âñåõ ýëåìåíòîâ R8 âèäà {x1;x2; . . . ;x8},
ó êîòîðûõ x1 · x8 = 0.

25. Ìíîæåñòâî âñåõ ýëåìåíòîâ R6 âèäà {x1;x2; . . . ;x6},
ó êîòîðûõ x2 − x4 + x6 = 0.
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26. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ ñòåïåíè n.

27. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P5, òàêèõ, ÷òî
P (1) = 0.

28. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P5, òàêèõ, ÷òî
P (1) = P (0) = 0.

29. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P5, òàêèõ, ÷òî
P (0) = P ′(0) = 0.

30. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P5, òàêèõ, ÷òî
P ′(−1) = 0.

31. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P6, òàêèõ, ÷òî
P ′(0) = 1.

32. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P6, òàêèõ, ÷òî
P (1) = P ′(1) = 1.

33. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P6, òàêèõ, ÷òî
P (0) = P (1) = P (2) = 0.

34. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P6, òàêèõ, ÷òî
P (0) = P (1) = P (2) = 2.

35. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P5, òàêèõ, ÷òî
P (0) + P ′(0) = 0.

36. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P5, òàêèõ, ÷òî
P (0) + P ′(0) = 1.

37. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P5, òàêèõ, ÷òî
P ′′(x) = 0 äëÿ âñåõ x ∈ (−∞,+∞).
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38. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P5, òàêèõ, ÷òî
P ′(x) = 1 äëÿ âñåõ x ∈ (−∞,+∞).

39. Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ P (x) ∈ P5, òàêèõ, ÷òî
P ′(x) = 0 äëÿ âñåõ x ∈ (−∞,+∞).

40. Ìíîæåñòâî âñåõ ôóíêöèé f(x) ∈ C[a, b], òàêèõ, ÷òî
f(a) = 1.

41. Ìíîæåñòâî âñåõ ôóíêöèé f(x) ∈ C[a, b], òàêèõ, ÷òî
f(a) = f(b) = 1.

42. Ìíîæåñòâî âñåõ ôóíêöèé f(x), äèôôåðåíöèðóåìûõ íà
(−∞,+∞) è òàêèõ, ÷òî f ′(x) = 0 äëÿ âñåõ x.

43. Ìíîæåñòâî âñåõ ôóíêöèé f(x), äèôôåðåíöèðóåìûõ íà
(−∞,+∞) è òàêèõ, ÷òî f ′(x) = −1 äëÿ âñåõ x.

44. Ìíîæåñòâî âñåõ ôóíêöèé f(x), äèôôåðåíöèðóåìûõ íà
(−∞,+∞) è òàêèõ, ÷òî f ′′(x) = 0 äëÿ âñåõ x.

45. Ìíîæåñòâî âñåõ ôóíêöèé f(x) ∈ C[a, b], òàêèõ, ÷òî
f(a) > 0.

46. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L2×2, òàêèõ, ÷òî

A =

(
a a2

b b2

)
.

47. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L2×2, òàêèõ, ÷òî

A =

(
a b
b c

)
.

48. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L2×2, òàêèõ, ÷òî

A =

(
a 2b
b 0

)
.
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49. Ìíîæåñòâî âñåõ ìàòðèö A∈L2×2, òàêèõ, ÷òî rangA=1.

50. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L2×2, òàêèõ, ÷òî

A =

(
a b
−b c

)
.

51. Ìíîæåñòâî âñåõ ìàòðèö A =

(
a11 a12
a21 a22

)
∈ L2×2, òà-

êèõ, ÷òî a11(a12 − a21) = 0.

52. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L2×3, òàêèõ, ÷òî

A =

(
a b c
b −c a

)
.

53. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L2×3, òàêèõ, ÷òî

A =

(
a b a2 − b
c d c2 − d

)
.

54. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L2×3, òàêèõ, ÷òî

A =

(
a b a− b+ c
c 0 2a+ b

)
.

55. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L2×3, òàêèõ, ÷òî

A =

(
a b2 a3

b a2 b3

)
.

56. Ìíîæåñòâî âñåõ ìàòðèö A =

(
a11 a12 a13
a21 a22 a23

)
∈ L2×3,

òàêèõ, ÷òî rang

(
a11 a12
a21 a22

)
= 0.

57. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L3×2, òàêèõ, ÷òî

A =

 a b
b2 0
c d

.
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58. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L2×2, òàêèõ, ÷òî detA=0.

59. Ìíîæåñòâî âñåõ ìàòðèö A =

 a11 a12
a21 a22
a31 a32

 ∈ L3×2, òà-

êèõ, ÷òî a232 = a11.

60. Ìíîæåñòâî âñåõ ìàòðèö A ∈ L3×2, òàêèõ, ÷òî

A =

 a b
c d
ac bd

.
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2. Ðàíã ìàòðèöû

Âû÷èñëèòü ðàíãè ñëåäóþùèõ ìàòðèö, èñïîëüçóÿ ìåòîä
ýëåìåíòàðíûõ ïðåîáðàçîâàíèé èëè ìåòîä îêàéìëåíèÿ ìè-
íîðîâ.

1.


−4 4 0 −8 −2 −4
−2 6 4 −8 −6 −5
−2 −2 −4 0 4 1
2 4 6 −2 −4 4

.

2.


1 −3 −2 4 −3 2
3 −5 −2 8 −7 4
−2 2 0 −4 4 −2
1 1 2 0 −3 −3

.

3.


3 2 5 1 −2 −2
0 −2 −2 2 1 1
3 4 7 −1 −3 −3
−4 −3 −7 −1 −3 3

.

4.


−3 −2 −5 −1 −3 1
−1 2 1 −3 −7 5
−2 −4 −6 2 4 −4
−4 1 −3 −5 1 4

.

5.


−4 2 −2 −6 −2 −3
−7 −1 −8 −6 0 0
3 3 6 0 −2 −3
1 2 3 −1 3 −2

.
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6.


1 3 4 −2 1 2
−1 7 6 −8 −2 5
2 −4 −2 6 3 −3
4 −2 2 6 3 4

.

7.


−4 −3 −7 −1 3 4
−5 −4 −9 −1 7 8
1 1 2 0 −4 −4
4 1 5 3 2 −4

.

8.


3 4 7 −1 −3 −4
−1 2 1 −3 1 −5
4 2 6 2 −4 1
1 −3 −2 4 −4 1

.

9.


−4 −4 −8 0 −4 3
−5 −1 −6 −4 −8 7
1 −3 −2 4 4 −4
2 3 5 −1 2 4

.

10.


−4 1 −3 −5 −2 3
−2 −3 −5 1 1 5
−2 4 2 −6 −3 −2
−2 −3 −5 1 2 4

.

11.


4 −3 1 7 2 −2
8 −1 7 9 −2 −5
−4 −2 −6 −2 4 3
1 3 4 −2 −4 −2

.

12.


−3 −4 1 −7 −4 −2
−7 −2 −5 −9 −6 −4
4 −2 6 2 2 2
2 −1 3 1 1 1

.
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13.


−2 −3 −5 1 −2 −3
−6 1 −5 −7 −4 1
4 −4 0 8 2 −4
−4 −3 −7 −1 1 1

.

14.


−3 4 1 −7 3 1
0 6 6 −6 7 −2
−3 −2 −5 −1 −4 3
3 −2 1 5 −4 −2

.

15.


−2 −4 −6 2 −4 1
1 −8 −7 9 −2 −3
−3 4 1 −7 −2 4
1 −4 −3 5 −3 2

.

16.


1 −3 −2 4 2 3
−1 0 −1 −1 5 −1
2 −3 −1 5 −3 4
2 −4 −2 6 1 4

.

17.


1 4 5 −3 2 −2
−1 6 5 −7 0 −5
2 −2 0 4 2 3
−4 −4 −8 0 −2 −4

.

18.


−2 3 1 −5 1 1
−5 1 −4 −6 5 3
3 2 5 1 −4 −2
2 −3 −1 5 −1 −1

.

19.


3 1 4 2 4 4
2 −2 0 4 1 2
1 3 4 −2 3 2
−3 1 −2 −4 −2 −3

.
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20.


1 1 2 0 1 −2
−3 −2 −5 −1 −2 2
4 3 7 1 3 −4
4 −2 2 6 3 −3

.

21.


−4 1 −3 −5 −4 −4
0 4 4 −4 −5 −1
−4 −3 −7 −1 1 −3
1 2 3 −1 1 −3

.

22.


1 3 4 −2 −4 2
0 5 5 −5 −5 0
1 −2 −1 3 1 2
−4 −2 −6 −2 2 −4

.

23.


1 2 −1 3 −2 −4
3 4 −1 7 −4 −1
−2 −2 0 −4 2 −3
−4 −3 −1 −7 3 2

.

24.


1 −4 −3 5 −3 4
−2 −2 −4 0 −4 6
3 −2 1 5 1 −2
−2 1 −1 −3 −2 −4

.

25.


−4 −3 −7 −1 3 −3
0 −1 −1 1 −1 −4
−4 −2 −6 −2 4 1
2 −4 −2 6 −4 1

.

26.


−3 1 −2 −4 −3 −4
−1 −1 −2 0 −1 −6
−2 2 0 −4 −2 2
−3 1 −2 −4 1 3

.
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27.


2 −2 0 4 1 1
−1 0 −1 −1 −2 3
3 −2 1 5 3 −2
−4 −3 −7 −1 −3 −2

.

28.


−2 1 −1 −3 3 −3
−3 −1 −4 −2 6 −4
1 2 3 −1 −3 1
1 1 2 0 1 −4

.

29.


1 1 2 0 −4 2
4 −2 2 6 −6 −2
−3 3 0 −6 2 4
−4 −2 −6 −2 4 3

.

30.


−2 2 0 −4 1 2
1 4 5 −3 5 −1
−3 −2 −5 −1 −4 3
1 −3 −2 4 1 4

.

31.


−4 −4 −8 0 2 −2
0 −6 −6 6 6 1
−4 2 −2 −6 −4 −3
−3 1 −2 −4 −4 2

.

32.


−1 −8 −5 −3 3 −4
0 −6 −3 −3 7 −3
−1 −2 −2 0 −4 −1
−1 −8 −5 −3 3 −4

.

33.


−3 1 −2 −4 −2 −4
−4 4 0 −8 −3 −5
1 −3 −2 4 1 1
−4 −2 −6 −2 −2 −2

.
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34.


−3 4 1 −7 −2 −3
−1 6 5 −7 −4 1
−2 −2 −4 0 2 −4
4 1 5 3 −3 −4

.

35.


3 2 5 1 −2 −4
7 −1 6 8 −4 0
−4 3 −1 −7 2 −4
2 2 4 0 −2 3

.

36.


2 1 3 1 −2 −4
6 −1 5 7 −6 −7
−4 2 −2 −6 4 3
3 4 7 −1 1 −2

.

37.


−2 1 −1 −3 1 −4
−4 4 0 −8 −3 −5
2 −3 −1 5 4 1
1 −3 −2 4 −3 1

.

38.


3 −4 −1 7 −4 −3
1 −8 −7 9 −5 −6
2 4 6 −2 1 3
−2 −4 −6 2 1 1

.

39.


−3 3 0 −6 −3 2
0 5 5 −5 −7 4
−3 −2 −5 −1 4 −2
−4 1 −3 −5 4 −3

.

40.


−2 2 0 −4 3 −2
−4 4 0 −8 6 −4
2 −2 0 4 −3 2
−4 −2 −6 −2 2 2

.
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41.


−2 4 2 −6 −2 −3
−4 3 −1 −7 −6 0
2 1 3 1 4 −3
−3 −4 −7 1 2 1

.

42.


1 2 3 −1 2 −3
3 1 4 2 −1 −6
−2 1 −1 −3 3 3
−2 −4 −6 2 2 −4

.

43.


−2 2 0 −4 4 −3
−4 −2 −6 −2 7 −1
2 4 6 −2 −3 −2
1 1 2 0 −2 2

.

44.


−3 1 −2 −4 1 −3
0 −2 −2 2 0 1
−3 3 0 −6 1 −4
4 1 5 3 −2 −4

.

45.


1 −3 −2 4 1 3
−2 −7 −9 5 0 2
3 4 7 −1 1 1
1 −2 −1 3 −4 −3

.

46.


−4 −4 −8 0 −3 −2
−1 −7 −8 6 −1 −3
−3 3 0 −6 −2 1
1 3 4 −2 3 3

.

47.


−4 −2 −6 −2 2 −4
−5 1 −4 −6 1 −5
1 −3 −2 4 1 1
−2 3 1 −5 −4 1

.
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48.


2 −3 −1 5 −4 −2
−1 1 0 −2 −6 1
3 −4 −1 7 2 −3
−4 1 −3 −5 1 4

.

49.


1 2 3 −1 −2 1
5 −1 4 6 −4 −1
−4 3 −1 −7 2 2
2 1 3 1 1 −3

.

50.


−2 −2 −4 0 4 1
0 −3 −3 3 2 0
−2 1 −1 −3 2 1
−4 −2 −6 −2 −3 −2

.

51.


1 −3 −2 4 1 −2
4 −4 0 8 0 0
−3 1 −2 −4 1 −2
3 1 4 2 −2 4

.

52.


1 1 2 0 3 4
−2 5 3 −7 6 8
3 −4 −1 7 −3 −4
3 2 5 1 −3 4

.

53.


−3 2 −1 −5 −3 −4
−4 4 0 −8 −7 −2
1 −2 −1 3 4 −2
−2 3 1 −5 1 −4

.

54.


4 2 6 2 1 4
8 1 9 7 −3 2
−4 1 −3 −5 4 2
−3 −3 −6 0 −3 −4

.
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55.


2 −4 −2 1 −3 2
4 −8 −4 2 −6 4
−2 4 2 −1 3 −2
1 1 2 0 −4 3

.

56.


−2 −3 1 −5 −2 3
−3 −2 −1 −5 −3 2
1 −1 2 0 1 1
−2 −1 −1 −3 −2 −4

.

57.


3 2 5 1 3 1
7 −1 6 8 −1 4
−4 3 −1 −7 4 −3
−3 −2 −5 −1 −3 −4

.

58.


−2 −3 −5 1 −2 −2
0 1 1 −1 2 −3
−2 −4 −6 2 −4 1
1 2 3 −1 2 1

.

59.


2 −4 −2 1 −4 4
4 −8 −4 2 −5 6
−2 4 2 −1 1 −2
2 −4 −2 1 4 −4

.

60.


−4 4 0 −8 −4 −4
−6 3 −3 −9 −7 −6
2 1 3 1 3 2
−2 −4 −6 2 −4 4

.
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3. Ñèñòåìû ëèíåéíûõ óðàâíåíèé,

ðåøàåìûå ïî ôîðìóëàì Êðàìåðà

3.1. Ëèíåéíûå ñèñòåìû òðåòüåãî ïîðÿäêà

1.


x1 + 4x2 + x3 = 8,
x1 + 2x2 + x3 = 6,

4x1 − 2x2 + x3 = 8.

2.


−3x1 + x2 + 3x3 = 6,
−2x1 + x2 + 3x3 = 7,
4x1 + x2 + 2x3 = 9.

3.


x1 + 2x2 − 2x3 = 1,

−3x1 + 2x2 − 2x3 = 2,
2x1 − 3x2 + 3x3 = 2.

4.


x1 + 3x2 + 3x3 = −6,
x1 + 2x2 + 2x3 = −5,
x1 − 4x2 − 3x3 = −3.

5.


4x1 − 3x2 − 4x3 = 9,
4x1 − 2x2 − 3x3 = 7,
x1 + 4x2 + 2x3 = −9.

6.


x1 + x2 − 2x3 = 4,
2x1 + x2 − 2x3 = 6,
x1 + x2 − 3x3 = 3.

7.


2x1 + x2 + 3x3 = −4,
−4x1 + x2 − 4x3 = −2,
2x1 + x2 + 4x3 = −6.
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8.


x1 + 2x2 + 2x3 = 2,

3x1 − 2x2 − 2x3 = 1,
3x1 + 4x2 + 4x3 = −4.

9.


−3x1 + x2 − 2x3 = 1,
x1 + x2 − 2x3 = 5,

−4x1 + x2 − 4x3 = 8.

10.


3x1 + 4x2 − 4x3 = 7,
−3x1 − 3x2 + 4x3 = −6,
x1 − 2x2 − 4x3 = 7.

11.


3x1 − 4x2 − 3x3 = 5,
3x1 − 2x2 − 2x3 = 4,
4x1 − 3x2 − 4x3 = 2.

12.


x1 − 2x2 − 3x3 = −4,

−2x1 − 3x2 − 4x3 = 6,
2x1 + 2x2 + 3x3 = −5.

13.


3x1 − 2x2 + 2x3 = −8,
3x1 + 2x2 − 3x3 = 0,
x1 + 2x2 − 3x3 = 4.

14.


−2x1 + 3x2 − 2x3 = 3,
−3x1 + 2x2 − 3x3 = 2,
2x1 − 2x2 + 3x3 = −5.

15.


x1 + 4x2 − 4x3 = 3,
x1 − 3x2 + 3x3 = 3,

−3x1 + 4x2 − 4x3 = −3.

16.


4x1 − 2x2 − 3x3 = 7,
−3x1 − 2x2 + 4x3 = −7,
2x1 + 3x2 − 3x3 = 6.
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17.


x1 + x2 + 2x3 = 7,
x1 + x2 + 3x3 = 8,

−2x1 + x2 + 2x3 = 4.

18.


x1 + 2x2 + 2x3 = −4,

−3x1 − 3x2 − 4x3 = 7,
−4x1 + 2x2 − 3x3 = −4.

19.


x1 − 3x2 + 4x3 = 4,
x1 − 2x2 + 3x3 = 4,

−2x1 + 3x2 + 4x3 = 1.

20.


x1 − 2x2 + 3x3 = 2,

−2x1 + 3x2 − 2x3 = 3,
x1 − 3x2 + 3x3 = 1.

21.


3x1 + 4x2 − 3x3 = −5,
x1 + 3x2 − 3x3 = −8,

−3x1 − 3x2 + 2x3 = 2.

22.


x1 + 2x2 + 2x3 = 1,
x1 + 4x2 + 4x3 = 4,
x1 − 4x2 − 4x3 = 1.

23.


2x1 + 3x2 + 2x3 = −8,
x1 − 3x2 + 4x3 = 8,
x1 − 3x2 + 3x3 = 7.

24.


2x1 + 3x2 − 2x3 = −4,
4x1 + 4x2 − 3x3 = −2,
−3x1 − 3x2 + 4x3 = −2.

25.


x1 − 2x2 + 2x3 = 1,

−2x1 + 3x2 − 2x3 = −4,
x1 + 4x2 − 2x3 = −3.
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26.


−2x1 + 3x2 + x3 = 0,
−2x1 + 4x2 + x3 = 1,
3x1 − 2x2 + x3 = 5.

27.


−4x1 + 3x2 + x3 = −5,
4x1 − 2x2 + x3 = 9,
−3x1 + 3x2 + x3 = −2.

28.


x1 + x2 − 4x3 = 3,
3x1 + x2 − 4x3 = −3,
−3x1 + x2 − 4x3 = −2.

29.


x1 − 2x2 + x3 = −4,
x1 + 4x2 + x3 = 2,
2x1 + 3x2 + x3 = −3.

30.


−3x1 + 4x2 − 4x3 = 6,
−2x1 + 2x2 − 3x3 = 3,
x1 − 4x2 − 2x3 = −8.

3.2. Ëèíåéíûå ñèñòåìû ÷åòâ¼ðòîãî ïîðÿäêà

1.


3x1 + 2x2 − 5x3 − 5x4 = −7,
4x1 + 3x2 − 4x3 + 4x4 = 3,
x1 + 2x2 − 3x3 + 4x4 = −2,
2x1 + 2x2 − 3x3 + 3x4 = 0.

2.


3x1 + 2x2 + 3x3 + 4x4 = −4,
3x1 − 3x2 − 3x3 − 4x4 = −9,
2x1 − 4x2 − 4x3 − 5x4 = −7,
2x1 + 5x2 + 3x3 + 2x4 = −5.
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3.


−2x1 + 2x2 + 5x3 + 2x4 = 5,
−4x1 − 5x2 + 2x3 − 4x4 = −3,
x1 − 3x2 − 3x3 − 3x4 = −5,
x1 − 5x2 − 3x3 − 5x4 = −7.

4.


x1 + 5x2 + 2x3 − 3x4 = 1,
x1 − 5x2 − 3x3 + 4x4 = 9,
2x1 + 4x2 + 2x3 − 3x4 = 4,
x1 + 2x2 + 2x3 − 3x4 = −2.

5.


3x1 + 4x2 + 4x3 + 5x4 = 1,
−2x1 + 3x2 + 3x3 + 3x4 = −3,
x1 + 2x2 + 2x3 + 5x4 = −2,
x1 − 4x2 − 4x3 − 5x4 = 2.

6.


3x1 + 2x2 + 3x3 − 3x4 = 5,
−3x1 − 3x2 − 3x3 + 4x4 = −6,
−2x1 + 5x2 − 4x3 − 5x4 = −1,

x1 + 2x2 + 2x3 − 3x4 = 2.

7.


x1 + 2x2 + 2x3 − 4x4 = 2,
x1 − 4x2 − 5x3 + 3x4 = 4,

−2x1 − 5x2 − 5x3 + 4x4 = 6,
4x1 + 5x2 + 4x3 − 3x4 = −8.

8.


x1 + 2x2 − 5x3 + 2x4 = −5,
3x1 + 4x2 + 4x3 − 3x4 = 2,
x1 + 2x2 − 4x3 + 2x4 = −2,
2x1 + 2x2 + 2x3 − 3x4 = −6.

9.


−2x1 + 5x2 + 4x3 + 4x4 = 9,
x1 + 2x2 + 2x3 + 2x4 = 0,

−3x1 + 4x2 + 5x3 + 4x4 = 7,
4x1 + 4x2 + 2x3 + 3x4 = −1.
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10.


x1 − 5x2 − 3x3 + 5x4 = −8,
4x1 + 2x2 + 4x3 + 3x4 = 5,
4x1 + 5x2 + 5x3 + 2x4 = 9,
−2x1 − 4x2 − 5x3 + 2x4 = −8.

11.


x1 + 3x2 + 4x3 + 4x4 = 1,
x1 + 2x2 − 5x3 + 2x4 = −4,
x1 + 2x2 + 5x3 + 3x4 = 2,
2x1 + 2x2 + 5x3 + 4x4 = −1.

12.


x1 + 4x2 + 2x3 + 3x4 = 0,
x1 + 2x2 + 2x3 + 4x4 = 9,

−4x1 + 2x2 − 4x3 + 3x4 = −5,
x1 + 4x2 + 2x3 + 2x4 = −3.

13.


x1 + 2x2 + 2x3 + 2x4 = 1,
x1 + 3x2 + 2x3 + 3x4 = 3,
2x1 + 2x2 + 5x3 + 2x4 = −3,
3x1 − 4x2 + 5x3 − 4x4 = −4.

14.


x1 − 4x2 + 4x3 − 5x4 = 7,
4x1 + 3x2 − 4x3 − 4x4 = −8,
−3x1 − 4x2 + 5x3 + 3x4 = 7,
−2x1 + 3x2 − 3x3 + 5x4 = −4.

15.


x1 + 5x2 − 5x3 + 2x4 = 8,
2x1 + 5x2 − 5x3 + 2x4 = 9,
x1 + 5x2 − 4x3 + 3x4 = 6,
x1 + 2x2 + 3x3 + 4x4 = −8.

16.


4x1 + 2x2 − 3x3 − 5x4 = 5,
x1 − 3x2 + 3x3 + 3x4 = 1,

−4x1 + 5x2 − 5x3 − 5x4 = −4,
−3x1 + 3x2 − 3x3 − 4x4 = −4.
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17.


x1 + 5x2 + 2x3 + 5x4 = −4,

−2x1 + 2x2 − 3x3 + 2x4 = −3,
x1 + 3x2 + 3x3 + 3x4 = 1,
x1 + 2x2 + 2x3 + 2x4 = −3.

18.


−2x1 − 4x2 + 3x3 + 5x4 = 1,
−3x1 − 5x2 + 2x3 + 2x4 = 9,
−2x1 − 5x2 − 4x3 + 2x4 = 0,

x1 + 3x2 + 2x3 − 3x4 = 4.

19.


x1 + 2x2 + 2x3 + 4x4 = 5,
x1 + 2x2 + 2x3 + 2x4 = 3,
3x1 + 4x2 + 5x3 + 4x4 = 4,
−4x1 + 2x2 − 4x3 − 5x4 = 5.

20.


x1 + 2x2 + 2x3 + 2x4 = −1,

−2x1 − 4x2 − 3x3 − 4x4 = 4,
4x1 + 4x2 + 3x3 + 2x4 = −4,
x1 + 2x2 + 4x3 + 4x4 = 5.

21.


2x1 + 3x2 + 5x3 + 5x4 = 5,
−4x1 − 3x2 − 3x3 − 3x4 = −9,
−4x1 − 4x2 − 5x3 − 5x4 = −9,
−2x1 + 3x2 + 5x3 + 2x4 = 2.

22.


x1 + 4x2 − 3x3 − 3x4 = 5,
x1 − 3x2 + 3x3 + 4x4 = −7,

−3x1 − 5x2 + 2x3 + 3x4 = −3,
2x1 + 2x2 − 3x3 + 3x4 = −2.

23.


−3x1 − 4x2 − 4x3 − 3x4 = −4,

x1 + 2x2 + 2x3 + 2x4 = 2,
x1 + 2x2 − 5x3 − 4x4 = 5,

−4x1 − 5x2 − 4x3 − 3x4 = −4.
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24.


4x1 + 2x2 + 2x3 − 3x4 = 2,
x1 − 5x2 − 5x3 + 3x4 = −3,
x1 + 2x2 + 2x3 + 2x4 = 3,

−4x1 + 5x2 + 5x3 + 2x4 = 3.

25.


x1 + 5x2 − 5x3 − 3x4 = 3,
x1 + 3x2 − 3x3 − 3x4 = 1,

−3x1 − 4x2 + 3x3 + 3x4 = 0,
−3x1 + 4x2 − 4x3 + 5x4 = 6.

26.


x1 − 4x2 + 2x3 + 3x4 = −4,
2x1 − 5x2 + 4x3 + 5x4 = −3,
3x1 − 5x2 + 5x3 + 4x4 = 4,
2x1 − 3x2 + 2x3 + 2x4 = 3.

27.


−3x1 − 4x2 − 3x3 − 4x4 = −6,
x1 − 4x2 − 3x3 − 3x4 = −5,

−4x1 + 2x2 + 3x3 + 2x4 = −1,
−3x1 + 2x2 + 4x3 + 3x4 = −2.

28.


4x1 + 3x2 + 4x3 + 2x4 = −4,
x1 + 4x2 + 2x3 + 5x4 = 4,

−4x1 − 5x2 − 3x3 − 5x4 = 3,
−4x1 − 4x2 − 3x3 − 4x4 = 5.

29.


−4x1 − 4x2 − 4x3 − 5x4 = 4,
3x1 + 3x2 + 5x3 + 4x4 = −4,
−3x1 − 3x2 + 2x3 + 2x4 = 4,
−3x1 − 3x2 + 4x3 − 4x4 = 1.

30.


4x1 + 5x2 − 4x3 + 3x4 = −1,
4x1 + 2x2 − 5x3 + 4x4 = −3,
x1 + 2x2 + 3x3 − 5x4 = 0,
x1 − 3x2 − 3x3 + 3x4 = −3.
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4. Ñèñòåìû ëèíåéíûõ óðàâíåíèé

4.1. Îäíîðîäíûå ñèñòåìû

Íàéòè îáùåå ðåøåíèå ñèñòåì è çàïèñàòü åãî â âåêòîðíîé
ôîðìå. Âûäåëèòü ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé.

1.


x1 − 2x2 + 3x3 − 4x4 = 0,

x2 − x3 + x4 = 0,
x1 + 3x2 − 3x4 = 0,

7x2 − 3x3 − x4 = 0.

2.


3x1 + 4x2 − 5x3 + 7x4 = 0,
2x1 − 3x2 + 3x3 − 2x4 = 0,
4x1 + 11x2 − 13x3 + 16x4 = 0,
7x1 − 2x2 + x3 + 3x4 = 0.

3.


x1 + 2x2 + 3x3 − x4 = 0,
3x1 + 2x2 + x3 − x4 = 0,
2x1 + 3x2 + x3 + x4 = 0,
2x1 + 2x2 + 2x3 − x4 = 0,
5x1 + 5x2 + 2x3 = 0.

4.


4x1 + 7x2 + 10x3 − 7x4 = 0,
3x1 + 5x2 + 6x3 − 4x4 = 0,
4x1 + 5x2 − 2x3 + 3x4 = 0,
3x1 + 8x2 + 24x3 − 19x4 = 0.

5.


2x1 + x2 − x3 + x4 = 0,
3x1 − 2x2 + 2x3 − 3x4 = 0,
5x1 + x2 − x3 + 2x4 = 0,
2x1 − x2 + x3 − 3x4 = 0.
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6.


2x1 − 4x2 + 5x3 + 3x4 = 0,
3x1 − 6x2 + 4x3 + 2x4 = 0,
x1 − 2x2 + 13x3 + 9x4 = 0.

7.


x1 + 2x2 + 3x3 = 0,
4x1 + 7x2 + 5x3 = 0,
x1 + x2 − 4x3 = 0,
2x1 + 9x2 + 6x3 = 0.

8.


2x1 − x2 + 5x3 + 7x4 = 0,
4x1 − 2x2 + 7x3 + 5x4 = 0,
2x1 − x2 + x3 − 5x4 = 0.

9.


x1 + x2 − 3x4 − x5 = 0,
x1 − x2 + 2x3 − x4 = 0,
4x1 − 2x2 + 6x3 + 3x4 − 4x5 = 0,
2x1 + 4x2 − 2x3 + 4x4 − 7x5 = 0.

10.


x1 + x2 + x3 + x4 + x5 = 0,

3x1 + 2x2 + x3 + x4 − 3x5 = 0,
x2 + 2x3 + 2x4 + 6x5 = 0,

5x1 + 4x2 + 3x3 + 3x4 − x5 = 0.

11.


x1 − 2x2 + x3 − x4 + x5 = 0,
2x1 + x2 − x3 + 2x4 − 3x5 = 0,
3x1 − 2x2 − x3 + x4 − 2x5 = 0,
2x1 − 5x2 + x3 − 2x4 + 2x5 = 0.

12.


x1 − 2x2 + x3 + x4 − x5 = 0,
2x1 + x2 − x3 − x4 + x5 = 0,
x1 + 7x2 − 5x3 − 5x4 + 5x5 = 0,

3x1 − x2 − 2x3 + x4 − x5 = 0.
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13.


x1 + 4x2 − 3x3 = 0,
3x1 + 5x2 − 7x3 = 0,
4x1 − 5x2 − 6x3 = 0.

14.


2x1 + 2x2 − x3 − x4 + x5 = 0,
x1 − x2 + x3 + x4 − 2x5 = 0,
3x1 + 3x2 − 3x3 − 3x4 + 4x5 = 0,
4x1 + 5x2 − 5x3 − 5x4 + 7x5 = 0.

15.


2x1 − 2x2 + x3 − x4 + x5 = 0,
x1 + 2x2 − x3 + x4 − 2x5 = 0,
4x1 − 10x2 + 5x3 − 5x4 + 7x5 = 0,
2x1 − 14x2 + 7x3 − 7x4 + 11x5 = 0.

16.


x1 + 3x2 + 5x3 − 4x4 = 0,
x1 + 3x2 + 2x3 − 2x4 + x5 = 0,
x1 − 2x2 + x3 + x4 − x5 = 0,
x1 − 4x2 + x3 + x4 − x5 = 0,
x1 + 2x2 + x3 − x4 + x5 = 0.

17.


2x1 − x2 + x3 − x4 = 0,
2x1 − x2 − 3x4 = 0,
3x1 − x3 + x4 = 0,
2x1 + 2x2 − 2x3 + 5x4 = 0.

18.


3x1 + 3x2 − x3 + 3x4 + 2x5 = 0,
2x1 + 3x2 − x3 + 4x4 + 2x5 = 0,
7x1 + 9x2 − 3x3 + 5x4 + 6x5 = 0,
5x1 + 9x2 − 3x3 + x4 + 6x5 = 0.

19.


3x1 − x2 + 2x3 + 3x4 + 2x5 = 0,
9x1 − 3x2 + 4x3 + 8x4 + 9x5 = 0,
6x1 − 2x2 + 6x3 + 7x4 + x5 = 0,
3x1 − x2 + 4x3 + 4x4 − x5 = 0.
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20.


2x1 + 3x2 + 2x4 + x5 = 0,
5x1 + 7x2 + x3 + 3x4 + 4x5 = 0,
4x1 + 5x2 + 2x3 + x4 + 5x5 = 0,
7x1 + 10x2 + x3 + 6x4 + 5x5 = 0.

21.


2x1 + 3x2 − x3 + x4 = 0,
8x1 + 12x2 − 9x3 + 8x4 = 0,
4x1 + 6x2 + 3x3 − 2x4 = 0,
2x1 + 3x2 + 9x3 − 7x4 = 0.

22.


5x1 + 3x2 + 4x3 = 0,
6x1 + 5x2 + 6x3 = 0,
x1 + 2x2 + 2x3 = 0,
7x1 + 7x2 + 8x3 = 0.

23.


2x1 + 7x2 + 3x3 + x4 = 0,
x1 + 3x2 + 5x3 − 2x4 = 0,
x1 + 5x2 − 9x3 + 8x4 = 0,
5x1 + 18x2 + 4x3 + 5x4 = 0.

24.


2x1 + 3x2 + 5x3 + 6x4 = 0,
3x1 + 4x2 + 6x3 + 7x4 = 0,
3x1 + x2 + x3 + 4x4 = 0.

25.


3x1 + 2x2 + 2x3 + 2x4 − 2x5 = 0,
6x1 + 4x2 + 7x3 + 4x4 + 5x5 = 0,
3x1 + 2x2 − x3 + 2x4 − 11x5 = 0,
6x1 + 4x2 + x3 + 4x4 − 13x5 = 0.

26.


4x1 − 6x2 + 5x3 = 0,
6x1 − 9x2 + 10x3 = 0,
2x1 − 3x2 + 5x3 = 0.

30



27.


2x1 + 7x2 + 4x3 + 5x4 + 8x5 = 0,
2x1 − 3x2 + 4x3 − 4x5 = 0,
x1 − 9x2 − 3x3 − 5x4 − 14x5 = 0,
3x1 + 5x2 + 7x3 + 5x4 + 6x5 = 0.

28.


3x1 − x2 + x3 − 2x4 + 6x5 = 0,
3x1 − x2 + 2x3 + 6x4 + 3x5 = 0,
6x1 − 2x2 + 5x3 + 20x4 + 3x5 = 0,
9x1 − 3x2 + 4x3 + 2x4 + 15x5 = 0.

29.


6x1 + 4x2 + 2x3 − 3x4 + 3x5 = 0,
9x1 + 8x2 + 5x3 + 6x4 + 9x5 = 0,
3x1 + 8x2 + 7x3 + 30x4 + 15x5 = 0,
6x1 + 6x2 + 4x3 + 7x4 + 5x5 = 0.

30.



x1 − x3 = 0,
x2 − x4 = 0,

x1 − x3 + x5 = 0,
x2 − x4 + x6 = 0,

x3 − x5 = 0,
x4 − x6 = 0.

31.


2x1 + x2 − 2x3 + x4 + x5 − x6 = 0,
4x1 + 2x2 + x3 − x4 − x5 + x6 = 0,
2x1 + x2 + 7x3 − 5x4 − 5x5 + 5x6 = 0,
6x1 + 3x2 − x3 − 2x4 + x5 − x6 = 0.

32.


x1 − x2 − 2x3 + 3x4 − 4x5 = 0,
x1 − x2 − x3 + 2x4 − 3x5 = 0,
x1 − x2 + 3x3 − 3x5 = 0,
x1 − x2 + 10x3 − 3x4 − 4x5 = 0.
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33.


8x1 − 5x2 − 6x3 + 3x4 = 0,
4x1 − x2 − 3x3 + 2x4 = 0,
12x1 − 7x2 − 9x3 + 5x4 = 0.

34.


x1 + 2x2 + 3x3 − 3x4 = 0,
4x1 + 7x2 + 5x3 − 5x4 = 0,
x1 + x2 − 4x3 + 4x4 = 0,
2x1 + 9x2 + 6x3 − 6x4 = 0.

35.


2x1 − x2 + x3 + x4 − x5 = 0,
2x1 − x2 − 3x5 = 0,
3x1 − x3 − x4 + x5 = 0,
2x1 + 2x2 − 2x3 − 2x4 + 5x5 = 0.

36.


2x1 + x2 − x3 + x4 + 2x5 = 0,
3x1 − 2x2 + 2x3 − 3x4 − 6x5 = 0,
5x1 + x2 − x3 + 2x4 + 4x5 = 0,
2x1 − x2 + x3 − 3x4 − 6x5 = 0.

37.


x1 − x3 + x5 = 0,

x2 − x4 + x6 = 0,
x1 − x2 + x5 − x6 = 0,

x2 − x3 + x6 = 0,
x1 − x4 + x5 = 0.

38.


x1 + 2x2 + 3x3 + 4x4 = 0,
2x1 + 3x2 + 4x3 + x4 = 0,
3x1 + 4x2 + x3 + 2x4 = 0,
4x1 + x2 + 2x3 + 3x4 = 0.

39.


8x1 − 5x2 − 5x3 − 6x4 + 3x5 = 0,
4x1 − x2 − x3 − 3x4 + 2x5 = 0,
12x1 − 7x2 − 7x3 − 9x4 + 5x5 = 0.
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40.


x1 + 3x2 + 5x3 − 5x4 − 4x5 = 0,
x1 + 3x2 + 2x3 − 2x4 − 2x5 + x6 = 0,
x1 − 2x2 + x3 − x4 − x5 − x6 = 0,
x1 − 4x2 + x3 + x4 + x5 − x6 = 0,
x1 + 2x2 + x3 − x4 − x5 + x6 = 0.

41.


3x1 + x2 + x3 + x4 = 0,
x1 + 3x2 + x3 + x4 = 0,
x1 + x2 + 3x3 + x4 = 0,
x1 + x2 + x3 + 3x4 = 0.

42.


3x1 + 3x2 − x3 + 3x4 + 3x5 + 2x6 = 0,
2x1 + 3x2 − x3 + 4x4 + 4x5 + 2x6 = 0,
7x1 + 9x2 − 3x3 + 5x4 + 5x5 + 6x6 = 0,
5x1 + 9x2 − 3x3 + x4 + x5 + 6x6 = 0.

43.


2x1 + 3x2 + 2x4 − 2x5 + x6 = 0,
5x1 + 7x2 + x3 + 3x4 − 3x5 + 4x6 = 0,
4x1 + 5x2 + 2x3 + x4 − x5 + 5x6 = 0,
7x1 + 10x2 + x3 + 6x4 − 6x5 + 5x6 = 0.

44.


2x1 + 3x2 − x3 + 5x4 = 0,
3x1 − x2 + 2x3 − 7x4 = 0,
4x1 + x2 − 3x3 + 6x4 = 0,
x1 − 2x2 + 4x3 − 7x4 = 0.

45.


2x1 + x2 + 2x3 + 3x4 − 3x5 = 0,
8x1 + 4x2 + 7x3 + 5x4 − 5x5 = 0,
2x1 + x2 + x3 − 4x4 + 4x5 = 0,
4x1 + 2x2 + 5x3 + 6x4 − 6x5 = 0.

33



46.


x1 − 2x2 + 2x3 + 3x4 + 4x5 = 0,
2x1 − 4x2 + 3x3 + 4x4 + x5 = 0,
3x1 − 6x2 + 4x3 + x4 + 2x5 = 0,
4x1 − 8x2 + x3 + 2x4 + 3x5 = 0.

47.


4x1 − 6x2 − 5x3 − x4 = 0,
6x1 − 9x2 + 10x3 − 2x4 = 0,
2x1 − 3x2 + 5x3 − x4 = 0.

48.


x1 + x2 + 3x3 − 3x4 + x5 = 0,
2x1 + x2 + 6x3 − 4x4 + 2x5 = 0,
x1 + 3x3 − x4 + x5 = 0,
5x1 + 2x2 + 15x3 − 9x4 + 3x5 = 0.

49.


x1 + 3x2 + 2x3 = 0,

2x1 − 7x2 + 3x3 = 0,
3x1 − 5x2 + 4x3 = 0,
x1 + 17x2 + 4x3 = 0.

50.


x1 − 2x2 + x3 + x4 = 0,
x1 − 2x2 + x3 − x4 = 0,
x1 − 2x2 + x3 + 5x4 = 0.

51.


x1 + x2 + x3 = 0,
x1 + 2x2 + 3x3 = 0,
4x1 + 5x2 + 6x3 = 0,
7x1 − 8x2 + 9x3 = 0.

52.


3x1 − 9x2 + 15x3 + 2x4 + 5x5 = 0,
x1 − x2 + 3x3 + x5 = 0,
2x1 − 4x2 + 3x3 + x4 + 2x5 = 0,
x1 − 3x2 + 3x3 + x4 + x5 = 0.
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53.


x1 + 2x2 + 3x3 + x4 − 13x5 = 0,
x1 − x2 − 2x4 + 2x5 = 0,
x1 + x2 + x3 − 6x5 = 0,

x2 + 2x3 + x4 − 7x5 = 0.

54.


11x1 − 16x2 − 2x3 + 3x4 = 0,
3x1 − 2x2 + x4 = 0,
x1 − 5x2 + x3 = 0,
2x1 + 3x2 + x3 + x4 = 0,
5x1 + x2 + x3 + 2x4 = 0.

55.


2x1 + x2 + x3 + 5x4 = 0,
x1 + x2 + 3x3 + 2x4 = 0,

4x1 − x2 − 13x3 + 13x4 = 0,
x1 − 2x3 + 3x4 = 0,

x2 + 5x3 − x4 = 0.

56.


3x1 − 7x2 − 5x3 + 5x4 − 2x5 = 0,
−2x2 + 2x3 + x4 − x5 = 0,

x1 − 6x3 + x4 + x5 = 0,
2x1 + x2 − 7x3 + x5 = 0.

57.


19x1 − 24x2 − 8x3 − 3x4 = 0,
3x1 − 2x2 + 5x3 + 4x4 = 0,
4x1 − 6x2 − 5x3 − 3x4 = 0,
−3x1 + 4x2 + 2x3 + x4 = 0.

58.


3x1 + 2x2 + x3 + 3x4 + 5x5 = 0,
6x1 + 4x2 + 3x3 + 5x4 + 7x5 = 0,
9x1 + 6x2 + 5x3 + 7x4 + 9x5 = 0,
3x1 + 2x2 + 4x4 + 8x5 = 0.
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59.


4x1 + 7x2 − 2x3 + 6x4 + 5x5 = 0,
2x1 + 4x2 − x3 + 3x4 + 2x5 = 0,
6x1 + 5x2 − 3x3 + 9x4 + 7x5 = 0,
6x1 + x2 − 3x3 + 9x4 + 5x5 = 0.

60.


x1 + x2 + 2x3 + x5 + x6 = 0,

x2 − x4 + x6 = 0,
x1 − x2 + x5 − x6 = 0,
x1 + 2x2 + 3x3 + x5 + 2x6 = 0,
x1 − x4 + x5 = 0.

4.2. Íåîäíîðîäíûå ñèñòåìû

Íàéòè îáùåå ðåøåíèå ñèñòåì è çàïèñàòü åãî â âåêòîð-
íîé ôîðìå. Âûäåëèòü ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé
ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû.

1.


x1 − x2 − 3x3 + x4 = −3,
3x1 + 3x2 + 3x3 − x4 − 2x5 = 1,
x1 − 4x2 − 9x3 + 3x4 + x5 = −8,
2x1 + x2 − x5 = −1.

2.


x1 − 3x2 − x3 + x4 + 3x5 = 7,
x1 + 3x2 − x3 − x4 − x5 = −3,
2x1 + 3x2 − 2x3 − x4 = −1.

3.


2x1 − 3x2 + 3x3 + x4 + x5 = 3,
4x1 − 5x2 + 3x3 + x4 + 3x5 = 1,
6x1 − 7x2 + 3x3 + x4 + 5x5 = −1.

4.


x1 − 5x2 + x3 + x4 + 2x5 = 3,
x1 − 2x2 − x3 + x5 = 1,
5x1 − 16x2 − x3 + 2x4 + 7x5 = 9.
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5.


2x1 + 5x2 + 4x3 − x4 = 7,
2x1 + x2 − x4 = 7,
2x1 − x2 − 2x3 − x4 = 7.

6.


x1 + x2 − 2x3 = 1,
2x1 − 2x2 + x3 + x4 = 4,
x1 − 7x2 + 8x3 + 2x4 = 5.

7.


−x1 + x2 + x3 + x4 = 1,
2x1 + 3x2 + 6x4 = 25,
x1 + 2x3 − 2x4 = −6,

3x2 + 5x3 + x4 = 1.

8.


2x1 − x2 − x3 − x4 = 1,
4x1 + x2 − 3x3 − 8x4 = 6,

x2 + x3 − 2x4 = 4,
−2x1 + 4x3 + 3x4 = 3.

9.


x1 − 2x2 + 2x3 + 5x4 = −6,
−x1 + 2x3 + 3x4 = 10,

2x2 − 4x3 − 11x4 = −4,
2x1 − 2x2 − x4 = −16.

10.


x1 − 2x2 + 4x3 + 5x4 = −1,
x1 + x2 + x3 + 2x4 = 2,
5x1 − 4x2 + 14x3 + 19x4 = 1,
x1 + 2x2 + x4 = 3.

11.


x1 + x2 + 2x3 − x4 = 0,
4x1 + 5x3 − 3x4 = 4,

4x2 + 3x3 − x4 = −4.
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12.


x1 − 2x2 + 2x3 − x4 = −6,
3x1 − 2x2 − 2x3 + x4 = −26,
x1 − x2 = −8.

13.


x1 + x2 − 2x3 − x4 + x5 = 2,
x1 − x2 − x3 = 3,

x2 − 3x3 + x4 + 2x5 = 12,
2x1 − x2 − 2x4 − x5 = −7.

14.


2x1 − 2x2 + x3 + 3x4 = −2,
10x1 − 7x2 + 4x3 + 9x4 = 1,
6x1 + x3 − 3x4 = 16,
4x1 − x2 + x3 = 7.

15.


9x1 − 10x2 − 4x3 − x4 − 6x5 = −20,
5x1 + 18x2 + 7x4 = 2,

20x2 + 4x3 + 8x4 − x5 = −3,
4x1 − 8x2 − 7x5 = −25.

16.


x1 + 14x2 + 3x3 + 3x4 = −12,
x1 + 2x2 + 3x3 − 3x4 = 0,
x1 − 10x2 + 3x3 − 9x4 = 12,

2x2 + x4 = −2.

17.


x1 + 3x2 − 2x3 − 6x4 = 19,
x1 + x2 − x3 − 2x4 = 6,
2x1 − x3 = −1,
x1 − x2 + 2x4 = −7.

18.


x1 − 2x2 + 5x3 + 6x4 = 21,
3x1 + 2x2 + 3x3 + 6x4 = 19,
x1 + 2x2 − x3 = −1,

2x2 − 3x3 − 3x4 = −11.
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19.


x1 + x2 − 5x3 − x4 = 6,

x2 + 11x3 − 7x4 = −16,
2x1 + 3x2 + x3 − 9x4 = −4,
8x1 + 11x2 − 7x3 − 29x4 = 0.

20.


6x1 + 3x2 + x3 − x4 = −10,
x1 + x4 = 8,
8x1 + 3x2 + x3 + x4 = 6.

21.


x2 + x3 − x4 = −2,

5x1 − x2 − 4x3 = −12,
10x1 − x2 − 7x3 − x4 = −26.

22.


5x1 − 4x2 + 5x3 + 2x4 = 15,
10x1 − 3x2 − x4 = 5,
5x1 + x2 − 5x3 − 3x4 = −10.

23.


6x1 + 7x2 − 2x3 = 3,
2x1 + x2 − 2x3 − 2x4 = 1,
2x1 + 5x2 + 2x3 + 4x4 = 1.

24.


x1 + x2 − x3 − 3x4 = −7,
x1 + 4x2 − 4x4 = −15,

3x2 + x3 − x4 = −8,
−2x1 + x2 + 3x3 + 5x4 = 6.

25.


3x1 − 2x2 + x3 + x4 = 11,

2x3 + 3x4 = 20,
−3x1 + 2x2 + x3 + 2x4 = 9.

26.


16x1 + 2x2 − 2x3 − x4 = 3,

14x2 + 2x3 − 11x4 = −95,
480x1 + 74x2 − 58x3 − 41x4 = −5.
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27.


2x1 + 3x3 − 3x4 = −1,
5x1 + 6x2 + 6x3 − 15x4 = −19,
x1 − 6x2 + 3x3 + 6x4 = 16.

28.


x1 + 2x2 + x3 − x4 = −3,
2x1 + 2x2 + 2x3 − x4 = −3,
x1 + x3 = 0.

29.


3x1 − x2 − x3 + 3x4 = 0,
x1 + 2x2 − x3 = −2,
5x1 − 4x2 − x3 + 6x4 = 2.

30.


−2x1 + 3x2 − 2x3 − x4 = 1,
5x1 − 4x2 + 4x3 + x4 = −6,
3x1 − x2 + 2x3 = −5,
x1 + 2x2 − x4 = −4.

31.


x1 − x2 + x3 − 5x4 = 5,
3x1 + 4x3 − 13x4 = 18,
x1 − 4x2 − 7x4 = 2,

3x2 + x3 + 2x4 = 3.

32.


x1 + x2 − x3 + 3x4 = 5,
3x1 − x2 − x3 − x4 = −1,
5x1 − x2 − 2x3 = 1,
x1 − x2 − 2x4 = −3.

33.


x1 − 2x2 + 3x3 − 4x4 + x5 = 1,
x1 + x2 − x3 + 2x4 − x5 = 1,
x1 − 5x2 + 7x3 − 10x4 + 3x5 = 1.

34.


x1 + 3x2 − x3 + 2x4 − x5 = 2,
x1 − x2 + 2x3 + x4 + x5 = 1,
x1 + 7x2 − 4x3 + 3x4 − 3x5 = 3.
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35.


x1 − x2 + 2x3 − x4 + x5 = −1,
x1 + 2x2 + x3 + x4 + 2x5 = −2,
x1 + 5x2 + 3x4 + 3x5 = −3.

36.


2x1 + x2 + 30x3 − 4x4 + 16x5 = 20,
2x1 − 3x2 − 4x3 + 2x4 + 22x5 = 4,

2x2 + 17x3 − 3x4 − 3x5 = 8,
x1 + 2x3 + 5x5 = 3,

7x3 − x4 + 3x5 = 4.

37.


x1 + 2x2 − x3 + 3x4 − x5 = −2,
x1 + x2 + x3 − x4 − x5 = 1,
x1 + 3x2 − 3x3 + 7x4 − x5 = −5,
2x1 + x2 + 4x3 − 6x4 − 2x5 = 5.

38.


2x1 − 11x2 + 5x3 + 3x4 + 6x5 = 14,
x1 + 2x2 − 2x3 − 3x5 = 1,

5x2 − 3x3 − x4 − 4x5 = −4.

39.


x1 − 3x2 + 2x3 − x4 − x5 = 1,
x1 + x2 − x3 − x4 + 2x5 = −1,
x1 − 7x2 + 5x3 − x4 − 4x5 = 3.

40.


3x1 − 2x2 − 4x3 − 12x4 = −35,
5x1 − 3x2 + 2x3 + 37x4 = −31,
x1 + 2x2 − x3 − 31x4 = 0,

x2 + x3 − 4x4 = 7.

41.


x1 + x2 − x3 − x4 + x5 + 2x6 = 1,
x1 − x2 + 2x3 − x4 − x5 + 3x6 = −1,
x1 + 3x2 − 4x3 − x4 + 3x5 + x6 = 3.
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42.


x1 − x2 + 2x3 + 2x4 = 1,
x1 + x2 − x3 − x4 = −1,
x1 − 3x2 + 5x3 + 5x4 = 3,
2x1 + 4x2 − 5x3 − 5x4 = −4.

43.


x1 + 2x2 − x3 − x4 = 2,
2x1 − x2 + x3 + x4 = 1,
x1 − 3x2 + 2x3 + 2x4 = −1,
x1 + 7x2 − 4x3 − 4x4 = 5.

44.


x1 − 3x2 + 2x3 + x4 − x5 = 1,

−2x1 + 6x2 − 4x3 − 2x4 + x5 = −3,
x1 − 3x2 + 2x3 + x4 − 2x5 = 0.

45.


2x1 + 10x2 + 3x3 + x4 = 22,
−x1 + 27x2 + 5x3 + 2x4 = 55,
x1 + 24x2 + 2x3 + 4x4 = 26,
3x1 + 28x2 + 3x3 + 5x4 = 30.

46.


x1 − x2 + 2x3 + x4 = 10,
x1 + 2x2 − x3 − x4 = 7,
x1 + x2 + x3 − 2x4 = −2,
x1 − 2x2 + 4x3 = 1.

47.


x1 + 4x2 − 6x3 − 2x4 + 3x5 = −4,
2x1 + 15x2 − x4 − 2x5 = 6,
3x1 + 18x2 − 7x3 − 2x4 = 5,

3x2 + 4x3 − x4 = −2.

48.


18x1 − 2x2 + 3x3 + 7x4 = 25,
3x1 − x2 + 2x4 = 2,
x1 + x2 + x3 − x4 = 5,
4x1 + x3 + x4 = 7.
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49.


x1 − x2 + 2x3 + x4 − x5 = 1,
x1 + 2x2 + x3 + x4 + 2x5 = 1,
x1 − 4x2 + 3x3 + x4 − 4x5 = 1,
x1 + 5x2 + x4 + 5x5 = 1.

50.


12x1 − 2x2 − 14x3 + 3x4 + 29x5 = 19,
x1 − x2 + 3x3 − x4 − 3x5 = −3,
5x1 + x2 − 15x3 + 4x4 + 24x5 = 18,
2x1 − 4x3 + x4 + 7x5 = 5,
3x1 − x2 − x3 + 4x5 = 2.

51.


x1 + x2 + x3 − x4 + x5 − x6 = 1,
x1 + x2 − x3 + 2x4 − x5 + x6 = −1,
2x1 + 2x2 + x4 = 0.

52.


x1 − 10x2 − 2x3 + 11x5 = −8,
x1 + 3x2 + x3 + x4 − 5x5 = −2,
3x1 − 8x2 − x3 + 2x4 + 8x5 = −15,
x1 − 2x2 − 3x5 = −2.

53.


2x1 + x2 + 28x3 − 33x4 − 3x5 = −21,
x1 − 2x2 + 4x3 − x4 + 2x5 = 5,
3x1 − 2x2 + 35x3 − 32x4 − x5 = −14,
x1 + x2 − 10x4 + x5 = −4.

54.


2x1 − 2x2 − 18x3 − 6x4 + 3x5 = 33,
x1 + 3x2 + 10x3 + 10x4 − 2x5 = −24,
x1 − x2 − 8x3 − 4x4 + x5 = 13,

2x2 + 16x3 − 5x5 = −43.

55.


2x1 + 3x2 − 3x3 + 11x4 − 24x5 = 24,
x1 + 4x2 + x3 − 7x4 − 2x5 = 7,
2x1 + 5x2 − x3 + x4 − 16x5 = 20,

x2 + x3 − 5x4 + 4x5 = −2.
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56.


x1 − 5x2 + x3 + x4 = −4,

−3x1 + 16x2 + x3 − 2x4 = 3,
2x1 − 13x2 − 10x3 − x4 = 19,
x1 − 6x2 − 3x3 = 5.

57.


x1 + x2 − x3 + 3x4 − x5 = 1,
x1 + 2x2 + x3 − x4 − 2x5 = 2,
x1 − 3x3 + 7x4 = 0,

x2 + 2x3 − 4x4 − x5 = 1.

58.


x1 + x2 − 2x3 − x4 + x5 = 2,
−x1 − x2 + 2x3 + 2x4 − x5 = 1,
x1 + x2 − 2x3 + x5 = 5.

59.


x1 + x2 + x3 − 3x4 − 11x5 = 2,
3x1 − 2x2 − 5x3 − 13x4 + 54x5 = −5,
−2x1 + 3x2 + x3 + 20x4 − 20x5 = 22,
x1 − 5x4 + x5 = −2.

60.


x1 + 2x2 − x3 + x4 = 2,
x1 − x2 + 2x3 − x4 = 1,
5x1 + 4x2 + x3 + x4 = 8,
x1 + 5x2 − 4x3 + 3x4 = 3.
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5. Ëèíåéíûå îïåðàòîðû

è èõ ìàòðèöû

Ïóñòü x = {x1;x2;x3} ∈ R3. Âûÿñíèòü, ÿâëÿåòñÿ ëè îïå-
ðàòîð ϕ(x) ëèíåéíûì è íàéòè â ýòîì ñëó÷àå åãî ìàòðèöó â
áàçèñå e1 = {1; 0; 0}, e2 = {0; 1; 0}, e3 = {0; 0; 1}.

1. ϕ(x) = {x1 + x2;x2 − x3; 0}.

2. ϕ(x) = {2x1 + x2; 3x3; 4x2 − x1}.

3. ϕ(x) = {x21; 0;x3 − x1}.

4. ϕ(x) = {x3 − x2; 2x1 − 3x2;x2}.

5. ϕ(x) = {x31;x32;x33}.

6. ϕ(x) = {3x1 − x2; 3x1 − x2; 3x1 − x2}.

7. ϕ(x) = {x1 + x2 + x3;x2 + x3 − x1;x1 − x2 + x3}.

8. ϕ(x) = {x2 − x3;x3 − x2;x1 + x2 − x3}.

9. ϕ(x) = {sinx1;−x2;x3}.

10. ϕ(x) = {x1;x2;x1 + x2 + x3}.

11. ϕ(x) = {x1;x2 − x3;x1 − x2 + x3}.

12. ϕ(x) = {x1 − x2; |x2|;x3}.

13. ϕ(x) = {3x2 + 2x3;x3; 2x1 + x2}.

14. ϕ(x) = {2x2 + x3; 2x2 + x3; 2x2 + x3}.

15. ϕ(x) = {2x1 − x3;x2 − x3; 2x3}.

45



16. ϕ(x) = {x1; 2x2; 3x3}.

17. ϕ(x) = {x3;x2;x1 − x2 − x3}.

18. ϕ(x) = {cosx1; 0; sinx3}.

19. ϕ(x) = {x2 − x1;x3 − x2;x1 + x2 + x3}.

20. ϕ(x) = {3x2 − x1 + 2x3; 2x2 + x3; 2x1 + x2 − x3}.

Ïóñòü âåêòîð ~x òð¼õìåðíîãî ãåîìåòðè÷åñêîãî âåêòîðíî-
ãî ïðîñòðàíñòâà â ïðàâîì îðòîíîðìèðîâàííîì áàçèñå ~ı, ~, ~k
èìååò êîîðäèíàòû ~x = {x1;x2;x3}, à âåêòîðû ~a è ~c â òîì æå
áàçèñå èìåþò êîîðäèíàòû ~a = {a1; a2; a3} è ~c = {c1; c2; c3}.
Ïóñòü êðóãëûå è êâàäðàòíûå ñêîáêè îçíà÷àþò, êàê îáû÷íî,
ñêàëÿðíîå è âåêòîðíîå ïðîèçâåäåíèÿ âåêòîðîâ ñîîòâåòñòâåí-
íî. Âûÿñíèòü, ÿâëÿåòñÿ ëè îïåðàòîð ϕ(~x) ëèíåéíûì è íàéòè

â ýòîì ñëó÷àå åãî ìàòðèöó â áàçèñå ~ı, ~, ~k.

21. ϕ(~x) = [~a, ~x ].

22. ϕ(~x) = (~a, ~x)~a.

23. ϕ(~x) = (~a,~a)~x.

24. ϕ(~x) = (~x, ~x)~a.

25. ϕ(~x) =
[
[~a, ~x ],~a

]
.

26. ϕ(~x) = (~a, ~x)~c.

27. ϕ(~x) = (~x, ~x)~x.

28. ϕ(~x) = (~a,~c)~x.

29. ϕ(~x) =
[
[~a, ~x ], ~x

]
.

30. ϕ(~x) =
[
~x, [~a,~c ]

]
.

31. ϕ(~x) = (~c, ~x)~x.

32. ϕ(~x) =
[
[~x,~a ],~c

]
.

Ïóñòü y = y(x) ∈ P3. Âûÿñíèòü, ÿâëÿåòñÿ ëè îïåðà-
òîð ϕ(y) ëèíåéíûì è íàéòè â ýòîì ñëó÷àå åãî ìàòðèöó â
áàçèñå e1(x) ≡ 1, e2(x) = x, e3(x) = x2, e4(x) = x3.

33. ϕ(y) = (x+ 1)y′(x).
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34. ϕ(y) = xy′(x) + x.

35. ϕ(y) = x2y′′(x) + y(x).

36. ϕ(y) =
(
x2y(x)

)′′
.

37. ϕ(y) = x2y′′(x) + 3y′(x).

38. ϕ(y) =
(
xy(x) + x2

)′
.

39. ϕ(y) = (x+ 2)y′′(x)− 2y(x).

40. ϕ(y) = xy′′(x) + 2y′(x) + 3y(x).

41. ϕ(y) =
(
(2x+ 1)y(x)

)′′
.

42. ϕ(y) = xy′′′(x)− y(x).

43. ϕ(y) = 3y′′(x) + xy′(x) + 2.

44. ϕ(y) = y′′(x)− xy′(x).

45. ϕ(y) = xy′′(x) + 3x.

46. ϕ(y) = (x2 + 1)y′′(x).

Âûÿñíèòü, êàêèå èç äàííûõ îïåðàòîðîâ ÿâëÿþòñÿ ëèíåé-
íûìè â ïðîñòðàíñòâå L2×2. Â ñëó÷àå ëèíåéíîñòè îïåðàòîðà

íàéòè åãî ìàòðèöó â áàçèñå e1 =

(
1 0
0 0

)
, e2 =

(
0 1
0 0

)
,

e3 =

(
0 0
1 0

)
, e4 =

(
0 0
0 1

)
.

47. Óìíîæåíèå íà çàäàííóþ ìàòðèöó

(
a b
c d

)
òàê, ÷òî

ìàòðèöà

(
a b
c d

)
ÿâëÿåòñÿ ïåðâûì ñîìíîæèòåëåì.
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48. Óìíîæåíèå íà çàäàííóþ ìàòðèöó

(
a b
c d

)
òàê, ÷òî

ìàòðèöà

(
a b
c d

)
ÿâëÿåòñÿ âòîðûì ñîìíîæèòåëåì.

49. Óìíîæåíèå íà çàäàííóþ ìàòðèöó

(
a b
c d

)
ñëåâà è

ñïðàâà.

50. Ñëîæåíèå ñ çàäàííîé íåíóëåâîé ìàòðèöåé

(
a b
c d

)
.

51. Ïåðåñòàíîâêà ñòðîê.

52. Ïåðåñòàíîâêà ñòîëáöîâ.

53. Òðàíñïîíèðîâàíèå.

54. Óìíîæåíèå ìàòðèöû íà ñåáÿ.

55. Çàìåíà ýëåìåíòîâ âåðõíåé ñòðîêè åäèíèöàìè.

56. Çàìåíà ýëåìåíòîâ âåðõíåé ñòðîêè íóëÿìè.

57. Çàìåíà ýëåìåíòîâ íèæíåé ñòðîêè åäèíèöàìè.

58. Çàìåíà ýëåìåíòîâ íèæíåé ñòðîêè íóëÿìè.

59. Óìíîæåíèå ýëåìåíòîâ ëåâîãî ñòîëáöà íà ÷èñëî λ.

60. Çàìåíà ýëåìåíòîâ ãëàâíîé äèàãîíàëè åäèíèöàìè.
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6. Ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå

âåêòîðû ëèíåéíûõ îïåðàòîðîâ

6.1. Ëèíåéíûå îïåðàòîðû òð¼õìåðíîãî
ïðîñòðàíñòâà

1.

 2 0−1
−7 4 4
6−2−3

.
2.

−4 3 3
−9 8 3
−9 3 8

.
3.

 5−4 1
7−6 1
3−4 3

.
4.

−1 2 1
−3 4 1
−3 2 3

.
5.

 1 1 1
−2 4 1
−3 2 4

.
6.

−4 5−4
−4 7−6
3 0−1

.
7.

 2 5−5
5 2−5
5 5−8

.

8.

 9−4−3
8 1−7
−1−3 6

.
9.

−1 3 1
−4 6 1
−4 3 4

.
10.

 3 1 1
−2 6 1
−3 2 6

.
11.

−4−6 4
3 2−1
−4−8 6

.
12.

−1 1 2
−6 4 4
−3 1 4

.
13.

 6 1−5
9−2−5
8 2−8

.
14.

 2 2 1
−3 7 1
−3 2 6

.
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15.

 5 1 1
−2 8 1
−3 2 8

.
16.

−5 4−4
−8 3 4
0−2 7

.
17.

 7 5−5
5 7−5
5 5−3

.
18.

 2 7−6
5 4−6
4 8−9

.
19.

 4 2 1
−3 9 1
−3 2 8

.
20.

−2 3 1
−4 5 1
−5 4 3

.
21.

 2 2−5
8 2−5
6−2 3

.
22.

 7−8−6
1 1−3
−1 4 8

.

23.

 6 7−9
1−1 4
3 2−1

.
24.

−2 3 1
−5 6 1
−5 3 4

.
25.

 5 1−4
7−1−4
6 2−6

.
26.

 1 1 1
−4 6 1
−4 3 4

.
27.

−2−6 4
3 4−1
−4−8 8

.
28.

 6−8−6
1 0−3
−1 4 7

.
29.

 8−3−2
7 2−6
−2−2 7

.
30.

 2 1 2
−5 8 2
−6 2 9

.
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6.2. Ëèíåéíûå îïåðàòîðû ÷åòûð¼õìåðíîãî
ïðîñòðàíñòâà

1.


−2 1 1 1
−4 3 1 1
−3 1 2 1
−4 1 2 2

.

2.


7 1 −5 −2
5 3 −5 −2
8 1 −6 −2
7 1 −4 −3

.

3.


7 −3 −1 −2
9 −5 −1 −2
9 −3 −3 −2
9 −3 −2 −3

.

4.


2 0 0 2
−6 −2 5 −3
−3 −2 4 0
−1 0 0 0

.

5.


1 −2 2 1
1 −2 2 1
−1 −2 4 1
−1 −2 2 3

.

6.


−2 −2 4 1
−1 −3 4 1
−3 −2 5 1
−4 −2 5 2

.

7.


5 −2 −3 1
7 −4 −3 1
6 −1 −5 1
3 −2 −3 3

.

8.


6 −3 −3 1
8 −5 −3 1
8 −3 −5 1
4 −3 −3 3

.

9.


1 2 −1 −1
1 2 −2 −2
2 3 −3 −1
2 2 −3 0

.

10.


1 1 1 −2
−1 3 1 −2
−1 1 3 −2
2 1 1 −3

.

11.


−1 1 1 1
−3 3 1 1
−4 2 3 1
−4 1 2 3

.

12.


−3 1 2 1
−5 3 2 1
−4 1 3 1
−4 1 2 2

.
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13.


−2 −1 3 1
−2 −1 3 1
−4 −1 5 1
−4 −1 3 3

.

14.


3 0 0 2
−6 −1 −5 −3
3 2 5 0
−1 0 0 1

.

15.


6 −2 −1 −2
8 −4 −1 −2
7 −1 −3 −2
7 −1 −2 −3

.

16.


5 −2 1 −2
5 −2 1 −2
5 −2 1 −2
4 −2 2 −2

.

17.


−2 −1 3 1
−2 −1 3 1
−4 −1 5 1
−1 −1 1 2

.

18.


4 1 −2 −2
2 3 −2 −2
5 1 −3 −2
5 1 −2 −3

.

19.


4 0 0 −2
6 0 −2 0
−6 5 6 −6
1 0 0 2

.

20.


−1 −3 4 1
1 −5 4 1
−3 −3 6 1
−3 −3 4 3

.

21.


6 −3 −2 1
8 −5 −2 1
7 −2 −4 1
−2 −5 6 3

.

22.


−1 −1 2 1
−1 −1 2 1
−3 −1 4 1
−4 −1 3 3

.

23.


5 −2 1 −3
7 −4 1 −3
6 −1 −1 −3
5 −1 2 −5

.

24.


4 −1 −3 1
4 −1 −3 1
6 −1 −5 1
3 −1 −3 2

.
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25.


−2 1 1 1
−4 3 1 1
−4 1 3 1
−4 1 1 3

.

26.


−3 1 1 1
−3 1 1 1
−4 2 1 1
−4 1 2 1

.

27.


5 −2 −3 1
7 −4 −3 1
6 −1 −5 1
4 −2 −3 2

.

28.


5 −3 −2 1
7 −5 −2 1
6 −3 −3 1
4 −3 −2 2

.

29.


6 −1 −2 −2
6 −1 −2 −2
7 −1 −3 −2
7 −1 −2 −3

.

30.


−3 1 2 1
−5 3 2 1
−5 1 4 1
−6 1 3 3

.
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7. Ïðèâåäåíèå êâàäðàòè÷íûõ ôîðì

ê íîðìàëüíîìó âèäó ìåòîäîì

Ëàãðàíæà

7.1. Êâàäðàòè÷íûå ôîðìû
â òð¼õìåðíîì ïðîñòðàíñòâå

1. f = x21 + 2x22 + 3x23 + 2x1x2 + 2x1x3 + 4x2x3.

2. f = x21 + 2x22 + 2x23 + 2x1x2 + 2x1x3 + 4x2x3.

3. f = x21 + x22 + x23 + 2x1x2 + 2x1x3 − 2x2x3.

4. f = x21 + x22 + 2x23 + 2x1x2 + 2x1x3 + 2x2x3.

5. f = x21 + x22 + 2x1x2 + 2x1x3 + 2x2x3.

6. f = x21 + x22 + x23 + 2x1x2 + 2x1x3 + 6x2x3.

7. f = x21 + 2x1x2 + 2x1x3 + 4x2x3.

8. f = x21 − x23 + 2x1x2 + 2x1x3 + 4x2x3.

9. f = x21 + 2x22 + 3x23 + 2x1x2 − 2x1x3.

10. f = x21 + 2x22 + 2x23 + 2x1x2 − 2x1x3.

11. f = x21 + x22 + x23 + 2x1x2 − 2x1x3 − 6x2x3.

12. f = x21 + x22 + 2x23 + 2x1x2 − 2x1x3 − 2x2x3.

13. f = x21 + x22 + 2x1x2 − 2x1x3 − 2x2x3.

14. f = x21 + x22 + x23 + 2x1x2 − 2x1x3 + 2x2x3.
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15. f = x21 + 2x1x2 − 2x1x3.

16. f = x21 − x23 + 2x1x2 − 2x1x3.

17. f = x21 + 2x22 + 3x23 − 2x1x2 + 2x1x3.

18. f = x21 + 2x22 + 2x23 − 2x1x2 + 2x1x3.

19. f = x21 + x22 + x23 − 2x1x2 + 2x1x3 − 6x2x3.

20. f = x21 + x22 + 2x23 − 2x1x2 + 2x1x3 − 2x2x3.

21. f = x21 + x22 − 2x1x2 + 2x1x3 − 2x2x3.

22. f = x21 + x22 + x23 − 2x1x2 + 2x1x3 + 2x2x3.

23. f = x21 − 2x1x2 + 2x1x3.

24. f = x21 − x23 − 2x1x2 + 2x1x3.

25. f = x21 + 2x22 + 3x23 − 2x1x2 − 2x1x3 + 4x2x3.

26. f = x21 + 2x22 + 2x23 − 2x1x2 − 2x1x3 + 4x2x3.

27. f = x21 + x22 + x23 − 2x1x2 − 2x1x3 − 2x2x3.

28. f = x21 − 2x1x2 − 2x1x3 + 4x2x3.

29. f = x21 − x23 − 2x1x2 − 2x1x3 + 4x2x3.

30. f = x21 + x22 + x23 − 2x1x2 − 2x1x3 + 6x2x3.
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7.2. Êâàäðàòè÷íûå ôîðìû
â ÷åòûð¼õìåðíîì ïðîñòðàíñòâå

1. f = 4x1x2 + 2x1x3 + 2x1x4 + 2x2x3 + 2x2x4 + 2x3x4.

2. f = 4x1x2 − 4x2x3 − 4x2x4 − 4x3x4.

3. f = 4x1x2 + 2x1x3 + 2x1x4 + 2x2x3 − 2x2x4.

4. f = 4x1x2 − 4x2x3 − 4x2x4 + 4x3x4.

5. f = 4x1x2 + 2x1x3 + 2x1x4 − 2x2x3 + 2x2x4.

6. f = x21 + x22 + x23 + x24 + 2x1x2 − 2x1x3 + 2x1x4 − 6x2x3+
+2x2x4 + 2x3x4.

7. f = 4x1x2 − 4x2x3 − 4x2x4.

8. f = 4x1x2 + 2x1x3 + 2x1x4 − 2x2x3 − 2x2x4 − 2x3x4.

9. f = 4x1x2 − 4x2x3 + 4x2x4 − 4x3x4.

10. f=x21+x
2
2+4x23+x

2
4+2x1x2+4x1x3−2x1x4+4x2x3−6x2x4.

11. f = 4x1x2 + 2x1x3 − 2x1x4 + 2x2x3 + 2x2x4.

12. f = 4x1x2 − 4x2x3 + 4x2x4 + 4x3x4.

13. f = 4x1x2 + 2x1x3 − 2x1x4 + 2x2x3 − 2x2x4 − 2x3x4.

14. f = 4x1x2 − 4x2x3 + 4x2x4.

15. f = x21 + x22 + x23 +9x24− 2x1x2 +2x1x3 +6x1x4− 6x2x3−
−2x2x4 + 6x3x4.

16. f = 4x1x2 + 2x1x3 − 2x1x4 − 2x2x3 + 2x2x4 + 2x3x4.
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17. f = 4x1x2 + 4x2x3 − 4x2x4 − 4x3x4.

18. f = 4x1x2 + 2x1x3 − 2x1x4 − 2x2x3 − 2x2x4.

19. f = 4x1x2 + 4x2x3 − 4x2x4 + 4x3x4.

20. f = x21+4x22+4x23+x
2
4+4x1x2−4x1x3+2x1x4−4x2x3+

+4x2x4 − 8x3x4.

21. f = 4x1x2 − 2x1x3 + 2x1x4 + 2x2x3 + 2x2x4.

22. f = 4x1x2 + 4x2x3 − 4x2x4.

23. f = 4x1x2 − 2x1x3 + 2x1x4 + 2x2x3 − 2x2x4 + 2x3x4.

24. f = 4x1x2 + 4x2x3 + 4x2x4 − 4x3x4.

25. f = x21+x
2
2+4x23+9x24+2x1x2−4x1x3+6x1x4−8x2x3+

+6x2x4 − 8x3x4.

26. f = 4x1x2 − 2x1x3 + 2x1x4 − 2x2x3 + 2x2x4 − 2x3x4.

27. f = 4x1x2 + 4x2x3 + 4x2x4 + 4x3x4.

28. f = 4x1x2 − 2x1x3 + 2x1x4 − 2x2x3 − 2x2x4.

29. f = 4x1x2 + 4x2x3 + 4x2x4.

30. f = 4x1x2 − 2x1x3 − 2x1x4 + 2x2x3 + 2x2x4 − 2x3x4.
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8. Ïðèâåäåíèå êâàäðàòè÷íûõ

ôîðì ê êàíîíè÷åñêîìó âèäó

îðòîãîíàëüíûì ïðåîáðàçîâàíèåì

8.1. Êâàäðàòè÷íûå ôîðìû
â òð¼õìåðíîì ïðîñòðàíñòâå

1. f = 5x21 + 8x22 + 8x23 − 4x1x2 − 4x1x3 + 8x2x3.

2. f = 5x21 + 7x22 + 9x23 − 8x1x2 + 8x2x3.

3. f = 4x21 + 7x22 + 7x23 − 4x1x2 − 4x1x3 + 8x2x3.

4. f = 7x21 + 8x22 + 9x23 − 4x1x2 + 4x2x3.

5. f = 3x21 + 6x22 + 6x23 − 4x1x2 − 4x1x3 + 8x2x3.

6. f = 6x21 + 7x22 + 8x23 − 4x1x2 + 4x2x3.

7. f = 6x21 + 6x22 + 9x23 − 8x1x2 + 4x1x3 + 4x2x3.

8. f = 3x21 + 5x22 + 7x23 − 8x1x2 + 8x2x3.

9. f = 2x21 + 5x22 + 5x23 − 4x1x2 − 4x1x3 + 8x2x3.

10. f = −5x21 + 2x22 + 9x23 + 8x1x2 + 8x2x3.

11. f = 5x21 + 5x22 + 8x23 − 8x1x2 + 4x1x3 + 4x2x3.

12. f = 5x21 + 6x22 + 7x23 − 4x1x2 + 4x2x3.

13. f = x21 + 4x22 + 4x23 − 4x1x2 − 4x1x3 + 8x2x3.

14. f = x21 + 3x22 + 5x23 − 8x1x2 + 8x2x3.
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15. f = 4x21 + 4x22 + 7x23 − 8x1x2 + 4x1x3 + 4x2x3.

16. f = 4x21 + 5x22 + 6x23 − 4x1x2 + 4x2x3.

17. f = 3x21 + 3x22 + 6x23 − 8x1x2 + 4x1x3 + 4x2x3.

18. f = 3x21 + 4x22 + 5x23 − 4x1x2 + 4x2x3.

19. f = 2x21 + 2x22 + 5x23 − 8x1x2 + 4x1x3 + 4x2x3.

20. f = −6x21 + x22 + 8x23 + 8x1x2 + 8x2x3.

21. f = x21 + x22 + 4x23 − 8x1x2 + 4x1x3 + 4x2x3.

22. f = −x21 + x22 + 3x23 − 8x1x2 + 8x2x3.

23. f = 3x23 − 8x1x2 + 4x1x3 + 4x2x3.

24. f = 2x21 + 3x22 + 4x23 − 4x1x2 + 4x2x3.

25. f = −x21 − x22 + 2x23 − 8x1x2 + 4x1x3 + 4x2x3.

26. f = x21 + 2x22 + 3x23 − 4x1x2 + 4x2x3.

27. f = −2x21 − 2x22 + x23 − 8x1x2 + 4x1x3 + 4x2x3.

28. f = x22 + 2x23 − 4x1x2 + 4x2x3.

29. f = −3x21 − 3x22 − 8x1x2 + 4x1x3 + 4x2x3.

30. f = −7x21 + 7x23 + 8x1x2 + 8x2x3.
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8.2. Êâàäðàòè÷íûå ôîðìû
â ÷åòûð¼õìåðíîì ïðîñòðàíñòâå

1. f = x21 + x22 + x23 + x24 − x1x2 − x1x3 + 2x1x4 + 2x2x3 −
−x2x4 − x3x4.

2. f = −x21 − x22 − x23 − x24 + 6x1x2 − x1x3 − x1x4 − x2x3−
−x2x4 + 6x3x4.

3. f = 2x21 +2x22 +2x23 +2x24− 3x1x2 + x1x4 + x2x3− 3x3x4.

4. f = x21 + x22 + x23 + x24 − x1x2 + x1x4 + x2x3 − x3x4.

5. f = x21 + x22 + x23 + x24 − x1x2 + 3x1x3 − 2x1x4 − 2x2x3+
+3x2x4 − x3x4.

6. f = x1x2 + x1x3 + x2x4 + x3x4.

7. f = x21 + x22 + x23 + x24 + x1x2 + 2x1x3 − 3x1x4 − 3x2x3+
+2x2x4 + x3x4.

8. f = 2x1x2 + 2x1x3 − 2x1x4 − 2x2x3 + 2x2x4 + 2x3x4.

9. f = x1x2 + 2x1x3 − x1x4 − x2x3 + 2x2x4 + x3x4.

10. f = 2x21 +2x22 +2x23 +2x24− 2x1x2− x1x3 + x1x4 + x2x3−
−x2x4 − 2x3x4.

11. f = 2x21+2x22+2x23+2x24+x1x2+x1x3−4x1x4−4x2x3+
+x2x4 + x3x4.

12. f = 2x21 + 2x22 + 2x23 + 2x24 − 2x1x2 − 2x3x4.

13. f = −x21 − x22 − x23 − x24 + 3x1x2 + 2x1x3 − x1x4 − x2x3+
+2x2x4 + 3x3x4.
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14. f = 2x1x2 + 3x1x3 − 3x1x4 − 3x2x3 + 3x2x4 + 2x3x4.

15. f = −x21 − x22 − x23 − x24 + 3x1x2 + x1x3 + x2x4 + 3x3x4.

16. f = x21 + x22 + x23 + x24 + 2x1x3 − 2x1x4 − 2x2x3 + 2x2x4.

17. f = x21 + x22 + x23 + x24 + x1x2 + 3x1x3 − 4x1x4 − 4x2x3+
+3x2x4 + x3x4.

18. f = x21 + x22 + x23 + x24 + 3x1x3 − 3x1x4 − 3x2x3 + 3x2x4.

19. f = 3x1x2 − x1x4 − x2x3 + 3x3x4.

20. f = −x21 − x22 − x23 − x24 + 4x1x2 + x1x3 − x1x4 − x2x3+
+x2x4 + 4x3x4.

21. f = −x21 − x22 − x23 − x24 + 5x1x2 − x1x4 − x2x3 + 5x3x4.

22. f = 2x1x2 + 2x3x4.

23. f = x21 + x22 + x23 + x24 + 2x1x2 + 3x1x3 − 5x1x4 − 5x2x3+
+3x2x4 + 2x3x4.

24. f = −x21 − x22 − x23 − x24 + 4x1x2 + 4x3x4.

25. f = 4x1x2 − 2x1x4 − 2x2x3 + 4x3x4.

26. f = 2x21 + 2x22 + 2x23 + 2x24 − x1x2 − x1x3 − x2x4 − x3x4.

27. f = x21+x
2
2+x

2
3+x

2
4+x1x2+x1x3−2x1x4−2x2x3+x2x4+x3x4.

28. f = x21 + x22 + x23 + x24 + 2x1x2 + 2x1x3 − 4x1x4 − 4x2x3+
+2x2x4 + 2x3x4.

29. f = 3x21+3x22+3x23+3x24− 2x1x2−x1x3−x1x4−x2x3−
−x2x4 − 2x3x4.

30. f = 4x1x2 − x1x3 − x1x4 − x2x3 − x2x4 + 4x3x4.
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9. Ïðèâåäåíèå äâóõ êâàäðàòè÷íûõ

ôîðì ê ïðîñòåéøåìó âèäó

îäíèì ïðåîáðàçîâàíèåì

9.1. Êâàäðàòè÷íûå ôîðìû
â òð¼õìåðíîì ïðîñòðàíñòâå

1. f = 3x21 + x22 + 2x23 + 2x1x2 − 2x2x3,

g = 2x21 + 3x22 + 4x23 + 6x1x2 − 4x1x3 − 6x2x3.

2. f = 3x21 + 2x22 + x23 + 4x1x2 + 2x1x3 + 2x2x3,

g = 5x21 + 3x22 + x23 + 6x1x2 + 2x1x3 + 2x2x3.

3. f = 3x21 + x22 + 2x23 + 2x1x2 + 2x2x3,

g = 5x21 + 4x22 + 7x23 + 8x1x2 + 2x1x3 + 8x2x3.

4. f = 3x21 + x22 + x23 + 2x1x2 + 2x1x3,

g = 3x21 + 2x22 − x23 + 4x1x2 − 2x1x3.

5. f = 3x21 + 2x22 + 2x23 + 4x1x2 − 4x1x3 − 2x2x3,

g = 3x22 − 2x23 + 6x1x2 + 4x1x3 − 2x2x3.

6. f = 2x21 + 2x22 + x23 + 2x1x2 + 2x2x3,

g = 4x21 − x22 − 3x23 + 4x1x2 − 6x2x3.

7. f = 2x21 − 5x22 − 2x23 − 2x1x2 − 4x1x3 − 6x2x3,

g = 2x21 + 2x22 + 3x23 + 2x1x2 − 4x1x3.

8. f = 2x21 + 2x22 + x23 + 2x1x2 − 2x1x3 − 2x2x3,

g = x21 + x22 + 3x23 + 6x1x2 − 6x1x3 − 6x2x3.
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9. f = x21 + 3x22 − 8x1x2 − 2x1x3 + 6x2x3,

g = 2x21 + 2x22 + 3x23 − 2x1x2 − 4x1x3 + 4x2x3.

10. f = x21 + 3x22 + 6x23 + 6x1x2 − 6x1x3 − 6x2x3,

g = 2x21 + x22 + 2x23 + 2x1x2 − 2x1x3 − 2x2x3.

11. f = x21 + 4x22 − x23 − 8x1x2 − 2x1x3 + 8x2x3,

g = 2x21 + x22 + 3x23 − 2x1x2 − 4x1x3 + 2x2x3.

12. f = 2x21 + x22 + 2x23 + 2x1x2 − 2x1x3,

g = 2x21 − x22 + 2x23 − 2x1x2 − 6x1x3.

13. f = x21 + 2x22 + 2x23 − 2x1x2 − 2x1x3 + 2x2x3,

g = 4x21 + x22 − x23 − 8x1x2 − 8x1x3 + 8x2x3.

14. f = 5x21 − x22 + 2x23 − 2x1x2 − 4x1x3 + 2x2x3,

g = 3x21 + x22 + 2x23 + 2x1x2 − 4x1x3 − 2x2x3.

15. f = 7x21 + x22 − 3x23 + 2x1x2 + 2x1x3 + 2x2x3,

g = 2x21 + x22 + 2x23 + 2x1x2 + 2x1x3 + 2x2x3.

16. f = x21 + 2x22 + 2x23 − 2x1x3 + 2x2x3,

g = 3x21 + x22 + 6x23 − 6x1x3 + 6x2x3.

17. f = 2x21 + 3x22 − 3x23 + 4x1x2 + 4x1x3 + 4x2x3,

g = x21 + 2x22 + 2x23 + 2x1x2 + 2x1x3 + 2x2x3.

18. f = x21 + x22 + 3x23 − 2x1x3 − 2x2x3,

g = 3x21 + 3x22 + 5x23 − 6x1x3 − 6x2x3.

19. f = 3x21 − 2x22 + 3x23 + 6x1x2 − 6x1x3 − 6x2x3,

g = x21 + 3x22 + 2x23 + 2x1x2 − 2x1x3.
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20. f = x21 + x22 + 3x23 − 2x1x3 + 2x2x3,

g = 3x21 − 4x22 + 2x23 − 6x1x3 − 8x2x3.

21. f = 3x21 − 2x22 + 4x23 + 6x1x2 − 6x1x3 − 6x2x3,

g = x21 + 2x22 + 2x23 + 2x1x2 − 2x1x3 − 2x2x3.

22. f = 3x21 + x22 + x23 − 2x1x2 + 2x1x3,

g = 2x21 + 3x22 + 3x23 − 6x1x2 + 6x1x3.

23. f = x21 + 2x22 + 2x23 + 2x1x3 − 2x2x3,

g = x21 − x22 + 5x23 + 2x1x3 − 8x2x3.

24. f = x21 + 2x22 + 3x23 − 2x1x2 − 2x1x3,

g = 4x21 + 8x22 + 7x23 − 8x1x2 − 8x1x3.

25. f = 4x21 + x22 − 4x1x2 + 2x1x3,

g = 6x21 + 3x22 + 2x23 − 8x1x2 + 6x1x3 − 4x2x3.

26. f = 2x21 + 2x22 + x23 − 2x1x2 + 2x2x3,

g = x21 + x22 + 4x23 + 6x1x2 + 8x2x3.

27. f = 2x21 + 3x22 − 3x23 + 4x1x2 + 4x1x3 − 6x2x3,

g = x21 + 3x22 + 2x23 + 2x1x2 + 2x1x3 + 4x2x3.

28. f = 6x21 − 2x22 + 3x23 − 6x1x2 + 6x1x3,

g = 2x21 + 2x22 + x23 − 2x1x2 + 2x1x3.

29. f = x21 + 2x22 + 3x23 − 2x1x2 − 2x1x3 + 4x2x3,

g = 4x21 − x22 + 3x23 − 8x1x2 − 8x1x3 − 2x2x3.

30. f = 4x21 − x22 + 2x23 + 8x1x2 + 4x1x3 + 4x2x3,

g = 2x21 + 3x22 + x23 + 4x1x2 + 2x1x3 + 2x2x3.

64



9.2. Êâàäðàòè÷íûå ôîðìû
â ÷åòûð¼õìåðíîì ïðîñòðàíñòâå

1. f = 2x21+x
2
2+x

2
3+2x24+2x1x2+2x1x3+2x2x3+2x2x4+

+2x3x4,

g = 4x21+3x22+2x23+2x24+6x1x2+4x1x3+4x2x3+2x2x4+
+2x3x4.

2. f = 2x21 + 2x22 + 2x23 + 3x24 + 2x1x3 − 2x1x4 + 2x2x3−
−4x2x4 − 2x3x4,

g = 3x21−2x22+x
2
3−x24+4x1x3−2x1x4−2x2x3+4x2x4+

+2x3x4.

3. f = x21 + x22 + 3x24 + 2x1x2 + 2x1x3 − 4x1x4 + 2x2x3−
−4x2x4 − 6x3x4,

g = 2x21 + 2x22 + 2x23 + 7x24 + 2x1x2 + 2x1x3 − 6x1x4+
+2x2x3 − 6x2x4 − 2x3x4.

4. f = 4x21 + 2x22 + 2x23 + 3x24 + 4x1x2 + 4x1x3 − 6x1x4+
+2x2x3 − 2x2x4 − 2x3x4,

g = x22−x23−x24+2x1x2−2x1x3+2x1x4+2x2x3+4x3x4.

5. f = 4x21 + 3x22 + 3x23 + 2x24 + 6x1x2 − 2x1x3 − 4x1x4−
−4x2x4 + 2x3x4,

g = x21+2x22−x23+4x24+4x1x2−6x1x3−8x1x4−8x2x3−
−8x2x4 + 4x3x4.

6. f = 2x21 + 3x22 + 2x23 + 3x24 − 4x1x2 + 2x1x3 − 2x1x4−
−4x2x3 + 4x2x4 − 4x3x4,

g = x21+3x22+x
2
3+3x24−2x1x2−2x1x3+2x1x4−2x2x3+

+2x2x4 − 2x3x4.
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7. f = 2x21 + 2x22 + 2x23 + 7x24 + 2x1x2 + 2x1x3 − 6x1x4+
+2x2x3 − 2x2x4 − 6x3x4,

g = 2x21+2x22+x
2
3+7x24+4x1x2+4x1x3−8x1x4+4x2x3−

−8x2x4 − 6x3x4.

8. f = x22 + x23 + 4x24 + 2x1x2 − 2x1x3 − 8x1x4 − 4x2x3−
−8x2x4 + 4x3x4,

g = 4x21 + 3x22 + 2x23 + 2x24 + 6x1x2 − 4x1x3 − 4x1x4−
−2x2x3 − 4x2x4 + 2x3x4.

9. f = x21 + x22 + x23− 2x24 +2x1x2 +2x1x3 +4x1x4 +2x2x3+
+4x2x4 + 4x3x4,

g = 4x21 + 3x22 + 2x23 + 3x24 + 2x1x2 + 4x1x3 − 6x1x4+
+4x2x3 − 2x3x4.

10. f = 4x21 + 3x22 + 2x23 + 2x24 + 6x1x2 + 4x1x3 − 4x1x4+
+4x2x3 − 2x2x4 − 2x3x4,

g = 4x21+3x22+3x23+x
2
4+6x1x2+6x1x3−2x1x4+6x2x3.

11. f = 3x21 − 2x22 + 3x23 − 2x24 − 4x1x2 + 6x1x3 + 4x1x4−
−4x2x3 + 4x2x4 + 4x3x4,

g = 4x21+2x22+2x23+3x24+4x1x3−6x1x4+2x2x3−2x3x4.

12. f = 3x21+3x22+2x23−x24+6x1x2+6x1x3+6x2x3−2x3x4,

g = 2x21 + 2x22 + 2x23 + 3x24 + 2x1x2 + 2x1x3 − 2x1x4+
+2x2x3 + 2x2x4 + 2x3x4.

13. f = x23 + 2x24 + 2x1x3 + 2x1x4 + 2x2x3 + 2x2x4 + 2x3x4,

g = 6x21+3x22+2x23+3x24+8x1x2+6x1x3+6x1x4+4x2x3+
+4x2x4 + 4x3x4.
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14. f = 4x21 + 2x22 + 3x23 + 2x24 + 4x1x2 − 2x1x3 − 2x2x3−
−2x2x4 + 4x3x4,

g = 3x21+4x22+x
2
3+2x24+8x1x2−2x1x3−4x1x4−4x2x3−

−4x2x4 + 4x3x4.

15. f = 2x21−x22+2x23−x24−2x1x2+4x1x3−2x1x4−2x2x3−
−2x2x4 − 2x3x4,

g = 4x21 + 2x22 + 2x23 + 3x24 + 4x1x3 − 2x1x4 + 2x2x3+
+4x2x4 + 2x3x4.

16. f = x21 + 2x24 + 2x1x2 − 2x1x3 − 4x1x4 − 2x2x3 − 6x2x4+
+2x3x4,

g = 2x21 + 2x22 + 2x23 + 7x24 + 2x1x2 − 2x1x3 − 6x1x4−
−2x2x3 − 2x2x4 + 6x3x4.

17. f = 2x21 + 2x22 + 2x23 + 3x24 + 2x1x2 − 2x1x3 + 2x1x4−
−2x2x3 − 2x2x4 − 2x3x4,

g = 2x21+x
2
2+x

2
3−2x24+4x1x2−4x1x3−4x2x3+2x2x4+

+2x3x4.

18. f = 2x21 + 4x22 + 3x23 + 2x24 + 2x1x3 − 2x1x4 + 2x2x3+
+4x2x4 + 2x3x4,

g = x21−2x22−2x23−4x24+2x1x2+2x1x3−8x2x3−8x2x4−
−8x3x4.

19. f = 2x21 + 2x22 − 5x24 + 6x1x2 − 6x1x3 + 2x1x4 − 6x2x3+
+2x2x4 + 6x3x4,

g = 2x21 + 2x22 + 2x23 + 3x24 + 2x1x2 − 2x1x3 − 2x1x4−
−2x2x3 − 2x2x4 − 2x3x4.

20. f = 3x21 + 3x22 + 2x23 + 3x24 − 2x1x3 − 4x1x4 + 4x2x3+
+4x2x4 + 4x3x4,
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g = 8x21+x
2
2−3x23+x

2
4+8x1x2−8x1x4−6x2x3−6x2x4−

−6x3x4.

21. f = 2x21 − x22 + x24 + 2x1x2 + 2x1x3 − 4x1x4 − 4x2x3−
−6x2x4 − 4x3x4,

g = 2x21 + 2x22 + 3x23 + 4x24 + 2x1x2 + 2x1x3 − 4x1x4+
+2x2x3 + 2x3x4.

22. f = 2x21 + 2x22 + 2x23 + 3x24 − 2x1x2 − 2x1x3 − 2x1x4+
+2x2x3 − 2x2x4 + 2x3x4,

g = 4x21+x
2
2+x

2
3−6x24−8x1x2−8x1x3+8x2x3+6x2x4−

−6x3x4.

23. f = 2x21 − 3x22 − 3x23 + 3x24 + 2x1x2 − 4x1x4 − 8x2x3−
−2x2x4 + 2x3x4,

g = 2x21 + 2x22 + 2x23 + 3x24 + 2x1x2 − 4x1x4 + 2x2x3−
−2x2x4 + 2x3x4.

24. f = 2x21 + 2x22 + 3x23 + 4x24 + 2x1x2 + 2x1x3 + 2x2x3−
−4x2x4 + 2x3x4,

g = 3x22 + 2x23 + 3x24 + 2x1x2 − 2x1x3 − 4x1x4 + 4x2x3−
−6x2x4 − 4x3x4.

25. f = 4x21+3x22+3x23+2x24+2x1x2+2x1x3−4x1x4+4x2x3+
+2x2x4,

g = 4x21+x
2
2+x

2
3+3x24+2x1x2+2x1x3−6x1x4−4x2x3−

−6x3x4.

26. f = 2x21 + 2x22 + 2x23 + 3x24 − 2x1x2 + 2x1x3 − 2x1x4−
−2x2x3 − 2x2x4 − 2x3x4,

g = x21 + x22 + x23− 3x24− 4x1x2 +4x1x3 +2x1x4− 4x2x3+
+2x2x4 + 2x3x4.
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27. f = 2x21 − 3x22 + 2x23 − 4x24 − 2x1x2 + 6x1x3 + 2x1x4+
+6x2x4 − 2x3x4,

g = 2x21 + 2x22 + 2x23 + 3x24 + 2x1x2 + 2x1x3 − 2x1x4−
−4x2x4 + 2x3x4.

28. f = x21−x22+3x23+5x24−2x1x2−4x1x3−8x1x4−4x2x4+
+6x3x4,

g = 3x21 + 2x22 + 2x23 + 3x24 + 4x1x2 − 2x1x3 − 4x1x4−
−2x2x4 + 4x3x4.

29. f = 3x21 + 2x22 + 2x23 + 2x24 + 4x1x2 − 2x1x3 − 2x1x4−
−2x2x3 + 2x3x4,

g = x21−2x22+2x23+4x24−4x1x2−2x1x3−6x1x4−2x2x3+
+2x3x4.

30. f = 3x21 + 3x22 + 2x23 − 4x24 − 8x1x2 + 8x1x3 − 2x1x4−
−8x2x3 − 2x2x4 + 4x3x4,

g = 2x21 + 2x22 + 2x23 + 3x24 − 2x1x2 + 2x1x3 + 2x1x4−
−2x2x3 + 2x2x4 − 2x3x4.
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